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Abstract— We study broadcast gossip algorithms to compute
the average of given initial sensor measurements. In the context
of wireless networks, an algorithm was proposed by Scaglione
et al. that allows a single node to broadcast at each time with
geometrically fast convergence to consensus. To improve the
rate of convergence to consensus, we go beyond this single
node broadcast approach and propose a queue-based broadcast
gossip algorithm, in which simultaneous node broadcasts are
allowed. Since packet collisions may happen, we choose time-
varying update weights. Using a novel interval-based consensus
error analysis to handle the time-dependent update weights, we
show that with appropriate choice of parameters, the proposed
algorithm converges to consensus in the mean-squared sense
geometrically fast. We prove that for the class of networks
modeled as non-bipartite Ramanujan graphs, the exponent
of convergence of the proposed algorithm is independent of
the number of nodes, unlike the single node broadcast case
which converges slowly in large networks. We also demonstrate
through simulations that our proposed algorithm improves the
rate of convergence for some other example networks.

1. INTRODUCTION

Distributed computation in multi-agent networks has been
instrumental in the evolution of a large body of literature per-
taining to distributed inference algorithms, e.g., distributed
estimation, detection, optimization [1]-[6]. Distributed av-
erage consensus is one of the most simple yet elegant
distributed computation schemes which involves computing
the global average of distributed data using iterative local
communications. Various extensions and variants of the basic
consensus scheme can be found in [7]-[11].

Gossip-based algorithms have been proposed to achieve con-
sensus, including randomized gossip algorithm [12], [13] and
geographic gossip algorithm [14]. By a gossip algorithm, we
mean specifically an algorithm in which each node receives
a packet from no more than one neighbor at any time instant.
For wireless sensor networks, which is the scenario we have
in mind in this paper, a natural gossip method would be
for a node to broadcast its value, so that all its neighbors
(nodes within some distance of the broadcasting node) can
receive this value correctly. This is called the broadcast
gossip method in [15], and will be the primary comparison
point of our paper. In that paper, a single node chosen
uniformly at random broadcasts its state value successfully
to all its neighbors, where the single broadcast ensures that
no collision of packets occurs. The neighbors then update
their own state value using fixed weights and the remaining
nodes keep their value unchanged.

In this paper, we are inspired by the intuition that allowing
simultaneous broadcasts should improve the rate of conver-
gence to consensus. However, this approach also increases
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the probability of packet collision. In fact, in a large network,
the probability will be high that a collision occurs somewhere
in the network, which will cause the packet reception rates at
different nodes to be unequal. This will result in significant
deviation of the converged consensus value (assuming that
consensus is indeed reached) from the initial (unweighted)
consensus value. Thus, there are two types of error we
focus on. The first is the consensus error, which measures
the deviation of the nodes’ individual state values from the
average (sample mean) of these values, to check whether
consensus is occurring. The second is the error-in-average,
which measures the deviation of the unweighted average of
the nodes’ state values from the initial unweighted average
of these values, since the latter is the desired consensus value
to which the states must be driven. These errors will be
formally defined in Section 2. Many traditional developments
in the consensus literature assume that some underlying
wireless scheduling mechanism is in place to equalize rates;
in contrast, in this paper, we use a realistic transmission
scheduling and deal with the impact of the resulting packet
collisions. The authors in [15] equalize the rates by choosing
equal probability of broadcast for all nodes, and avoiding
collisions by only allowing one node to transmit at any
time. However, the price paid is that N nodes will require
time proportional to N to obtain their turn at broadcasting,
resulting in slow convergence to consensus in large networks.
Since we allow simultaneous broadcasts in this paper, packet
collisions are inevitable. (An alternative strategy may be to
explore a type of ‘broadcast collision avoidance’ protocol,
which we do not pursue in this paper.) Therefore, we modify
the standard gossip algorithm for state update to use time-
varying update weights. Intuitively, the weights must be
chosen so that the expected weight that node ¢ uses for
transmissions from j is the same as the one that j uses
for transmissions from . However, in this paper the weights
are chosen adaptively using local information, since nodes
are not assumed to know the network structure. (Knowing
the network structure would need a burdensome preliminary
step where global information would need to be gathered and
appropriate parameters calculated, and burdensome mainte-
nance where the global information would need to be updated
and disseminated whenever the network changes.) However,
the adaptive choice of weights results in time dependencies,
which makes the algorithm significantly more complex to
analyze. A key result in the paper is, therefore, to prove for-
mally, using a novel interval-based analysis, that this adaptive
algorithm indeed results in consensus (with geometric decay
of the mean-squared consensus error). Intuitively, since the
algorithm allows simultaneous broadcasts, it should converge
faster to consensus, compared to [15]. Unfortunately, in this
preliminary work, the analytical bounds obtained by us,
although do indeed prove geometrically fast convergence to



consensus, are not at present sufficiently tight to prove faster
convergence in all networks, except in certain (important)
networks, such as non-bipartite Ramanujan graphs. Simula-
tion results, however, clearly show that our claim that the new
algorithm converges faster in general is indeed plausible.
The rest of the paper is organized as follows. In Section 2, we
provide the model and notation used. The queue-based broad-
cast gossip algorithm is introduced in Section 3. Section 4
shows a Lyapunov analysis of the proposed algorithm while
Section 5 provides the main result proving the convergence to
consensus of the proposed algorithm. Simulation experiments
of the proposed algorithm are discussed in Section 6 and
Section 7 concludes the paper.

2. NETWORK MODEL

Consider a network of N nodes (or sensors or agents).
The inter-sensor communication network is modeled as a
simple! undirected connected graph G = (V,FE), with
V = {1,---,N} and E denoting the set of nodes and
communication links, respectively. The edge set E includes
both directions of a link so that (,7) and (4, ) are considered
separate edges in E. The neighborhood of node ¢ is

Ni={jeVI|(@3j) € E}. M
We assume that if node 4 transmits, all the neighbors A/; can
hear the transmission. However, if another node k simulta-
neously transmits, some of these neighbors may experience
a packet collision, so that node i’s packet is lost. For the
purposes of this paper, the precise collision model is not
important since the algorithm we propose will adapt to the
physical communication model.
Node ¢ has degree d; = |N;|. The structure of the graph
is described by the N x N adjacency matrix, A = AT =
[A.], where A, = 1, if (n,l) € E, and A,;; = 0,
otherwise. Let D = diag (di1,- - ,dn). The graph Laplacian
L = D—A is positive semi-definite, with eigenvalues ordered
as 0 = A1(L) < Xo(L) < --- < An(L). The eigenvector of L
corresponding to A\; (L ) is (1 /v/N)1, where 1 is the vector
of all 1’s. Since we assume a connected graph, Az(L) > 0.
This second eigenvalue is the algebraic connectivity or the
Fiedler value of the network.
We consider a time-slotted system. At time slot ¢ > 0,
each sensor ¢ € V has its local estimate z;(t) of the
global average which is called its state value. We denote
xT(t) = [x1(t),- -+ ,an(t)] " as the vector of estimates at
all the nodes at the end of time slot ¢. The ultimate goal of
an average consensus scheme is to drive the estimate x(t) as

close as possible to the initial average vector Z(0)1, which
we call the unweighted consensus value, where

1 N
= 2 i0). €
i=1

Similarly, Z(¢) is the average of the nodes’ state values at
time slot £.

As mentioned in Section 1, there are two types of error
we focus on: 1. Consensus error, defined as x(t) — T(t)1,
which measures the deviation of the nodes’ individual state
values from the average of these values. 2. Error-in-average,
defined as Z(t) — ©(0), which measures the deviation of
the unweighted average of the nodes’ state values from the
unweighted consensus value .

'A graph is said to be simple if it is devoid of self loops and multiple
edges.

3. QUEUE-BASED BROADCAST GOSSIP ALGORITHM

As in standard gossip algorithms, each node must transmit its
current state to other nodes. In the proposed algorithm, node
i can only broadcast x;(t) in time slot ¢ to its neighborhood
if it is included in the schedule of the network at that time.
Formally, every node 7 at any time slot ¢ is assigned a
schedule o;(t). The schedule o;(t) takes the value 1 with
probability p; € (0,1), with o;(¢) being independent for
each 7,t. A schedule of the network can then be represented
as a vector o(t), where o(t) € RY and o;(t) € {0,1}
for all 7 € V. Node j experiences a collision if it receives
more than one packet in a given time slot. Let p;; be the
probability that node j successfully receives a packet from
node 4 in a given time slot. In general, p;; # p;;, so that the
reception rate of packets from ¢ to j may not be the same
in the other direction. We assume that a lower bound on this
probability po is known, so that pj; > po, V(j,7) € E. Note
that the bound pg is the only global knowledge needed at
each node in our algorithm. In particular, the graph G or the
values p; of other nodes are not required to be known. The
expected number of correct packet receptions in each time
slotis 3 yepPji > polE| = podN, where d is the average
degree of . Thus, we can expect the number of successful
packet receptions to be proportional to the number of nodes
in our algorithm, unlike the single-node broadcast algorithm
in [15], which should allow faster convergence to consensus.
We describe one plausible scenario where this bound pg can
be calculated. Assume that a collision occurs at j if and only
if two or more nodes in j UN; transmit in that time slot.
Thus, there is a successful receptlon of node ¢’s packet at
node j € N;, denoted by o , if node 7 is included in

the schedule but neither nod]e j nor any of j’s neighbors is
included, i.e.,

Oj; = 005 H Ok, 3)
keN;\i
where @ = 1 — 0. Then, at each time slot, node j € N;

receives node i’s state value without COHISIOH ie. o =1,
with probability

pii =Elojl =pi(1—p;) [[ A=pe)=po, @

keN;\i

where pg is a lower bound on the probability of successful
reception for all links that must be determined. Now if we
choose p; = p for all nodes ¢ € V, then a lower bound
is po = p(1 — p)®, where A = max;—1... yd; is the
maximum vertex degree of G. Note that A > 1 since G
is assumed connected. However, we stress again that the
scenario outlined above is not necessary, so long as a bound
po can be obtained by some means.

For each node j € V, we consider |\ | queues, g;i, k € N,
each corresponding to one of its neighbors. The length
(occupancy) of gjj at time t is Q;x(t). At the beginning
of each time slot, & € (0,1) (fractional) tokens enter each
queue. (The tokens and the queues are simply a means
for book-keeping and do not involve physical buffers.) The
maximum queue length is chosen to be % < 1 for suitably
chosen @ > 0 and v > po. When a queue is at the
maximum allowed length, all tokens entering that queue are
rejected. Furthermore, once node j receives a packet from
node k successfully, it empties the corresponding queue g,
completely, i.e., Q;(t) tokens depart the queue (rather than
a constant number of tokens departing, as in typical queuing
literature).



Once the broadcast packet of node 7 is received, the neigh-
boring nodes which received it successfully, denoted by N,
set their state values equal to the weighted average of their
current state value and the state value broadcast by node ¢,
ie.,

zi(t+1) = (1 - Qui(t) w; (t) + Qi()zi(t), VjeN,. (5)
Note that this consensus step differs from standard consensus
algorithms, since the queues are used as weights here, instead
of using a fixed weight as in [15].
Due to the queuing model, where the queues are emptied
completely when a packet is successfully received, the queue
length at the end of time slot ¢ can be written as @Q;;(t) =

min ia]}i(t),‘;z}, where Tj;(t) = ¢t — max{k : k <

t,05(k) = 1} is the number of time slots that node j
waited to receive the state value of node ¢ without collision.
Therefore, with 7™M = plo, (5) can be written as

z;(t+1) = (1 — amin {T5(t), T"™}) z; (t)

+ amin {T5: (), T} zi(t), Vi€ N,. (6)
There will typically be more than one node broadcasting in
the same time slot. The above scheme is replicated for the
other successfully received packets as well. The nodes that
do not successfully receive any packet from their neighbors
do not update their state values. This procedure is repeated
in every time slot.
The update in (6) can be written in a compact manner as
follows:

x(t+1) = (I—- aL(t))x(t), ©)

where I denotes the identity matrix and the random non-
symmetric ‘Laplacian-like’ matrix L(¢) has the j,i entry

S e, min {T(6), T} o0 (t) i j =i
Lji(t) = ¢ —min {T5:(t), T™} 04 (t) if j €N
0 otherwise
(8)

The main result in this paper is to show that the broadcast
gossip algorithm (7) results in consensus asymptotically in
time. However, there are two difficulties that we face in
analyzing (7) - firstly, the state updates depend on time-
varying weights ();;(¢), and secondly, these weights are
random variables that are dependent in time (since they are
queue lengths). In contrast, in [15] the weights are i.i.d.,
which allows a contraction-type analysis for every slot. Our
solution to this problem is to do a Lyapunov analysis over a
suitable large interval §, which allows us to carefully consider
the impact of Markov Q;;(t), as shown in Section 4-A.

4. CONSENSUS ERROR ANALYSIS

In this section we formally state and prove results concerning
the convergence of the average of the Laplacian-like matrix
sequence {L(t)} (see (8)) and the Lyapunov analysis of
the sequence {x(¢)}, which will be crucial in establishing
consensus using the proposed algorithm in Section 5.

A. Convergence of Laplacian Average

For each ¢ > 0, we denote by JF; the natural filtration
generated by the Laplacian-like matrices {L(s)}!_, and the
queue lengths {Q;i(s)}_o, Vj € {1,--- N}, Vi € N}, ie.,

Fe = {{L(S)}f@:Ov {jS(s)}f@:Ovvj € {17 T 7N}7Vi € N?}(vg)
which is the o-algebra induced by the Laplacian-like ma-

trices and the queue lengths. The following proposition
proves the convergence of the average of non-symmetric (i.e.,

directed) Laplacian-like matrices to a symmetric connected
Laplacian, which will be instrumental in establishing the
geometric convergence of the process {x(t)}.

Proposition 4.1. Assuming G is connected, the sequence
{L(zg} satisfies the following convergence condition for all
t>0:

lim E{(&)*P(L(Hd)+~~-+L(t+1)) | 7| =L, (10)
vy oo

where L is the symmetric (undirected) connected Laplacian
of graph G, i.e., with Ay (L) > 0. More precisely,

_ NGl =i
Lji: —1
0

ifjeN: (an
where |Nj| is the degree of node j in graph G.

otherwise

For convenience, we introduce the following notation:

Lis=(6) "(LE+6)+- - +L(t+1)), (12)

f;tﬁ == E|:f17§ | ft:| - f (13)

Also, for a vector z € RV, we denote by zc its projection
onto the consensus subspace, i.e.,

1

zc = =117z, (14)

and, by zc. the projection onto the orthogonal subspace C*.

Proof of Proposition 4.1. Considering § > T™* 41 = pio +
1 and defining 71 = ¢t —max{k : k < t,0;;(k) = 1} (which
is known conditioned on F;), for j € N, we have
t+48
> ELji(k)|F
k=t+1
t+6
= — Z E [min {Tji(l{:),TmaX} O'Jl(k')‘]‘—z]
k=t+1
t+6
== Y E[min {T}:(k), T} | 7] E [o5:(k)| F]
k=t+1
trs min{k—t—1,7MaX}
k=t+1 =1
t+6 o
_ Z min{k — ¢+ Tj5, T
k=t+1 { }

15)
(16)

Ip(1—pji) "

)min{k—t—l,Tmax}

X pji(1 — py a7

pmax 146

SO

=1 k:min(t+l+1,t+Tmax+1)

3 (1 —pji) !

t+6 .

= > win {k— o7 )
k=t+1

min{kftfl,Tmax}

x pji(1 = pji) (18)

Tmax

= — 37 (5 — min (T™,1)) p%(1 — pji) "
=1

5
_ Z min {l + 71]!1;17 Tmax} pii(l— pji)min(lfLdex) (19)
=1



o]

=—0+40 Y Iph(l—pi)
l=Tmax 41
Tmax
+ Z l2p]1 p]l -
dex

N i (T )
=1

5
max
- > Tl —ps)T (20)
l=TMax 4
max max
=—0+446 (Tmaxpji(l —pi)" A (1 —pi)" )
Tmax
- Z Ppji(1—psi)' ™!
Tmax
— Z miﬂ{l+1—;?l7Tmax}p]z pjz
=1
s max
- > T™pu(i-pi)" @1)

|=TMax 41

where (17) follows from the facts that the probability distri-
bution of Tj;(k) conditioned on F; for all k > ¢ is

pji(l_pji)l_l ifl=1,2,--- k-
Pr(Tii(k) =U|F) = ¢ (1—p)* "t ifl=k—t+TH
0 otherwise
(22)
for all k, and (18) follows from the

e [Uﬂ( S B nax + 1. Therefore for j € N,

assumption that o >

t+6
_ max
07" D ELu(k)IF) = Lys| < T™py(1 = p)"
k=t+1
max 2 —pji
+(1—pp)" T+
(1= pj) 5pi
dex

5 Z min {l + T;?I,dex}pji(l - pji)l_l

8

1 , max
+3 > T™pu(1—ps)T (23)
|=TMmax 41
ma. ma. 2
<T™ (1 —pi)" (L) 5o
Pji
1 (1—ps max ‘
+ pmax ( 51’] ) + dex(l . pji)Tmax 24)
. 2 Tmax
< 3TN (1 — )T 2 25
< (1 —po) + 5po + 5 (25)
_ 3 Y
1= po)0 + — + - 26
™ ( po) 6p 3P0 (26)
2
< e+ B2 @)

where (25) and (27) follow from the facts that p;; > pg and
1 — pg < e7P0 respectively. Since in each time slot k, by
the property of Laplacian-like matrices (8), L(k)1 = 0, we

have
t+6 +2
©7 3 ElLatoiE] - L < gl (Do T2,
k=t+1
(28)

Thus, we have
L:s

.

‘ <2A (%-w + 7—”) : (29)
Po (5100

k—t—1

‘Et,é‘ <2A( *”+7+2), (30)
Po dpo

where it,é is as defined in (13). From (29), (30) and

< VIAll [[All

) <on(Ber 4212 G1)
po opo

7H—>OaS'y, — 00. |

we conclude that

’ L:s

Therefore, ’ L

Propositon 4.1 shows that with suitable choice of parameters,
the sample average of non-symmetric (directed) Laplacian-
like matrices converges to a symmetric (undirected) Lapla-
cian in expectation. The proposition below shows an appro-
priate choice of parameters.

Proposition 4.2. For each € > 0, there exist a v = y(g) >
po and a positive integer 6 = §(g) > plo such that
TLLt48) 4+ L(t+ 1) | F] -L||, <cas

(32)

sup [[E [(4)

Proof. The proof follows from Proposition 4.1. One such

2
choice is 7 = Z)A —and § = M _ 4;3?0 4 8EA. -

B. Lyapunov Analysis of Consensus Error

In this section we will fix a (e,7v,d) triple and ana-
lyze the evolution of the periodically sampled subsequence
x(k0)}r>0. This will allow us to analyze the consensus
error over the (large) interval &, which will enable us to
carefully consider the Markov roperty of the queue weights.
Specifically, as a measure 011‘? squared distance from the

consensus subspace, we will study the evolution of the non-
negative functional

V(k6) = x ' (k6)Lx(kd) (33)

along the {x( k(f} trajectory. Note that, since L is a sym-
metric connected Laplacian, it follows that

V(kd) = xt1 (k6)Lxcr (k6) > Xa(L) || % (kS) |}2, (34)

and hence, V' (kd) — O implies consensus of the subse-
quence, i.e., (k:é)”2 —0

Later, in Section 5, we will obtain conditions on the weight
parameter « that ensure geometric decay of the sequence
{V(k0)} to 0 and subsequently extend the (geometric)
consensus property of the subsequence {x(kd)} to the entire
sequence {x(t)}.

Note that,
x((k+1)0)=T-aL((k+1)0)(I—aL((kd+4d—1))
< (I—aL(ké+1))x(kd). (35)

Hence, the product (I—aL ((k+1)6))---
may be written as

(I—aL((k+1)8)) (I— oL (k6 + 6 — 1))

- (I—aL (ks +1)) (36)
=I-a(L ((k+1)5)+”'+L(k:5+1))+R<k+1>5 (37)
=1— adLyss + Ret1)s- (38)

(I— aL(kd + 1))

To bound the error matrix R 1)s in (38), we first note the
following:

Proposition 4.3. The norm of the Laplacian-like matrix L(t)
in each time slot t is bounded as

L), < m’plo. (39)



Proof. 1t can be easily seen that in each time slot ¢
Ll <2-2 Ll <AL, (40)
Po Po

oo

From (40) and Holder’s inequality for matrices, we conclude
that

L), < x/ﬁplo. (41)
|

Now, we choose o < I g%v (which is tighter than our earlier
stated assumption that 2 < 1) so that ad||L|2 < 1. Then,
from definition of R 1)s and Proposition 4.3, we have
2¢2 2
a”0%||L|3 202 2

R < ———— <2a°°|Llz £ ————, 42

H (k+1)5||2 = 17&6”14”2 S 2o H ”2 = pg ’ ( )
where L is the Laplacian-like matrix with the largest norm.

We now characterize the evolution of the {V (kd)} sequence.
Note that, by (33) and (38),

V((k +1)6) = x" (k8) (I — a6Lkss + Rixynys) L

X (I = abLis,s + Rix41)s) x(k6) (43)

=V (ké) — adx ' (k8) (LLxs,s + Lis,sL) x(k9)

+ x " (k&) Jp1x(kd), (44)
where

Je+1 = LR(11)s + a°0°Lys sLLs,s — abLys sLR(k41)5

+ Rlii1)sL — @R 11)5LLks,s + R(Tkﬂ)sz(kH)s@S)

From the properties of undirected Laplacians and directed
Laplacian-like matrices respectively (L is an undirected
Laplacian, whereas Ly s is a directed Laplacian-like matrix),
we have,

x' (k6)L = x.. (k6)L, Lx(ké) = Lxc. (k6), (46)
Lisox(k6) = Lys sxc1 (k6), x| (k6)Lyss = X1 (k5)f,;,€47)

Also, since R(;41)s corresponds to a sum of products
of matrices, the right-most entry of each product being a
directed Laplacian-like matrix, we have

Ry 1ysx(k6) = Ry 1ysxe s (k0), (48)
x" (kO)R{ys1ys = Xor (k&) Rji1ys. (49)

From (42) and noting that Hf”2 < 2A, of||Ll]2 < % and
« < 1, it can be concluded that

2 Ady ? .2
| Je41ll2 < 0”32 ) ¢ K(v,9), (50)
where
Asy 2
K(v,6) = 32 (”) . (51)
Po

From (46)-(49), we obtain
)xT(ké)Jka(kd)) - )xcl (kd)JkaCL(ké)‘

2
< K (5, 0)l|xes (k)3 < CEC Oy (s2)
A2 (L)
We also have that,
E [xT(ka) (TLs,s + Ls L) x(k0) | fka]
— ox " (k6)L’x(k6) + x| (kd) (iim,g + IZ}Q;,(;E) x(k6)

= 2x} 1 (k6)L xc (k6)

+x0L (k) (ffm,a + ﬂa,gf) 1 (kd). (53)
Moreover, the symmetry and connectedness of L imply
xg (k0L xcu (k8) = A3() [lxc- (k9)]13
> :i((II:)) xg 1 (k6)Lxo (k) = f’v(&))x/(ka). (54)
Now, if 4 and  are chosen so that (32) holds, we have
’XL (ko) (fflké,é + El—cré,éf) Xel (ké)’
2eAn (L)

< 22w () [pees (), < =275

V (k§). (55)
By (43) and (52)-(55), we obtain

E[V((k+1)d) | Frs] < V(kd) —

Q

no
=
>

2a6e AN (L)
A2(L) A2 (L)

N (L) , ®K(1,9)

) (L

2

) V(k9).
(56)
Finally, using the law of iterated expectations, we obtain
E[V((k+1)d)]
o =

An (L)
With the above development in place, we formally state and
prove the main result of this paper.

20020w(L) | *K(y, 5>) E [V (k5)].

(L) (L)
(57)

5. MAIN RESULT ON CONSENSUS CONVERGENCE

In this section we formally state the main result of this paper
concerning the convergence to consensus of the proposed
algorithm.

Theorem 5.1. In a connected graph, for the queue-based
broadcast gossip algorithm in (7)-(8), there exist small
enough o > 0 and appropriately large 0 and ~ such that the
sequence {x(t)} achieves consensus in mean-squared sense
geometrically fast. Formally, the convergence exponent is

timsup 7 log (2 [xe. () < 55 0 (1~ F(,,7,6) <0,
(58)
Here, f(a,e€,7,0) is given by
fla,e,v,9) =2a0 ( X @ — AN @) — aK(Vﬁ)) , (59)
Av (L) A2 (L) 26X (L)
L is as given in (11) and K (v, 6) is as defined in (51).

Proof of Theorem 5.1. We establish geometrically fast con-
sensus in the mean-squared sense in two steps. The first step
deals with establishing consensus of a subsequence and the
choice of parameters needed for this, while the second step
extends the geometrically fast mean-squared consensus to the
entire sequence.

Lemma 5.1. Let graph G be connected. Given the
queue-based broadcast gossip algorithm in (7)-(8), there
exist « and appropriately large § and -y such that the
subsequence {x(kd0)} achieves consensus in mean-squared
sense geometrically fast.



Proof. In what follows, we provide a constructive proof that
identifies such «, v and ép and a characterization of the
associated consensus exponent. To this end, it suffices to
show that (see (57)) («,¢€,7,0) can be chosen such that

0 < f(a757’y76)
N (2046)\§(f) _ 200eAn (L) ’K(v,0)

An (L) A2(L) A2(L)
First, choose € > 0 small enough such that
edn (L) o1 A3(L)

A2(L) ~ 4 n(L)

Now, ﬁxin% € as above, by Proposition 4.2, choose § and «

) <1. (60

(61)

such that the assertion in Proposition 4.2, i.e.,
sup f:t,a ’ < ¢ as. (62)
t>0 2

holds. (The proof of that proposition suggests one such
choice.) Now, define
5A3 (L) >

max __ . Po
fe% mm(4A6’y’2K(7,5))\N(L)
Note that, by (61)-(63), for any « € (0, a™*) we have that

Fla,e,7,6) = 2a6 <Ag (L) (D) aK(M))

(63)

AN (f) A2 (f) 2062 (f)
5 =
S e o (64)
AN (L)
Also, by (60), we have that,
2052 (L) _
,€,7,0) < ——=—+ < 2ad\y (L
flovem,0) < 20 < 200 (E)

=406 ||L|, = 4aAé < 1, (65)

since a < a™* < 4&—‘{7 and v > po.
Finally, by (57) and the above, we note that, as long as o €
(0, a™*), the subsequence {x(kd)} satisfies

EV((k+1)0)] < (1= fla,e,7,0)E[V(KS],  (66)

with f(«,e,7,0) € (0,1). The above implies geometric
decay of {V(kd)} as k — o0, i.e.,

lim sup % log (E[V (kd)]) <log (1 — f(a,&,7v,d)) <0. (67)

k—oo

Since by (34), V(k§) > X2 (L) [Ixco (kd)||5 and Ao (f) >
0, the geometric decay assertion in (67) also holds for the
process {xc1 (kd)}. [ |

In fact, we have shown the following constructive version of
Lemma 5.1.

Lemma 5.2. Let the hypotheses of Theorem 5.1 hold. Let
€ be chosen to satisfy (61). Further, using Proposition 4.2,
choose § and y to satisfy (62), and let &/ be defined as in
(63). Then, as long as the weight parameter o is chosen to
satisfy the condition @ € (0, ™), we have

tim sup 1 log (E[V (k) < log (1~ f(e,2,7%,6) <0 (69)
k—o0
and
. 1 >
hlrgri)sup x log (E [|lxcx (k0)[3]) <log (1 — f(a,e,7,6))
<0. (69)

Remark 5.1. Note that with the above choice of parameters,
(56) implies that the sequence {V (k0)} is a (non-negative)
supermartingale. Using this property, we can further derive
pathwise (in the a.s. sense) convergence and in L for the

subsequences {V (kd)} and {xc1 (kd)}. In fact, we have the
following:

p (limsup % log (V(k3)) < log (1 — f(a,7, 5))> —1, (70)

k— oo

P (1imsup 1 log (Ixc- (k9)1,) < 3 Tow (1 = f(a,7.))
=1, (71)
and
timsup  Jog (E [ (v)]]) < 5 1og (1= f(a&,7.6))
<0. (72)

To extend the consensus results to the entire sequence
{x(t)}, first note that the assertions of Lemma 5.2 and
Remark 5.1 apply to other subsequences of the form
{Viks+ecti>o and {x(kd + ¢)}k>0 where ¢ is an integer in
[0,6 — 1]. Now for instance, following (72), we have

. 1
limsup - log (E [|lx¢+ (t)[l,])
t— o0 t

= limsup max L log (E [|Ix¢x (k6 +c)|l,])
k—o0 c kb Cc
< 55 1og (1= f(0,2,7,8) <. 73)

- 25
and similarly for the other assertions in Lemma 5.2 and Re-
mark 5.1, which continue to hold, but with the corresponding
exponents scaled by 1/§ as seen in (73). |

Remark 5.2. The exponent of geometric consensus derived
above is somewhat loose due to the complex bounds used
in the analysis, necessitated by the Markov queues used
as state update weights. This prevents us from comparing
our exponent directly with the one for the single-node
broadcast algorithm in [15] for general networks. However,
for networks where the graph Laplacian L has eigenvalue
ratio Ay (L) /A2 (L) and maximum degree bounded for all
N, such as non-bipartite Ramanujan graphs, we can show
that while the convergence exponent of the broadcast gossip
algorithm in [15] goes to 0 as N — oo, our exponent is
strictly negative, independent of the number of nodes in the
network. Thus, for such networks, our algorithm converges
quickly, since it makes use of simultaneous broadcasts.

We show the above property of fast convergence specificall

for a k-regular non-bipartite Ramanujan graph with fixed
(see [16]). There,

ML)>k-2vk—-1, MAv(L)<k+2vVk—1. (74
From the above bounds and (64), we conclude that
§(k—2vk—1)°
flare,,8) > 21 L. (75)

k+2vEk—1
Choosing ¢ such that (61) holds with equality, we have
5:1)\%(@ >1(k—2¢ﬁ)3
D3 (@) " AkravE1)

Therefore, from the choice of parameters indicated in the
proof of Proposition 4.2 and noting that A = k, we have

_ 48k (k+2vE—T)"
AR .
po (k—2vk—1)°

(76)

(77



cOA3 (f)

O on (D) where ¢ is a
and from (51), (74)

Also, from (63), choosing a =

constant chosen such that o <
and (77), we have

5> o (k—2vk — 1)9
@ ’
Tk (k+2vE—1)°

Po
4A07°

(78)

where ¢ = smigg- Now, from (75) and (78), it can be
concluded that
11
k—2vVk
Flavem ) > 2P0 - (79)

K (k+2vE—1)°
where the last term is a posmve constant. Thus, the exponent,
2= log (1 — f(a,€,7,6)), is less than a negative constant. For
comparlson the exponent of the broadcast gossip algorithm
in [15] is given by log(1 — g) where
2B(1 — — , 1=p)?

N2

(80)

and 1 — [ is the update weight. The factor 1 in (80) is due
to the fact that only one node can transmit at each time. Note
that log(1 —g) - 0 as N — o0

While we are unable to formally show that our algorithm’s
exponent of convergence is better than in the single-broadcast
case in general graphs, we compare the two through simu-
lations in the next section.

A. Analysis of Error-in-average

In this section we characterize the error-in-average. Note that
x(t+1) = I— aL(t + 1)) x(¢) = x(t) —aL(t+1)xc. (t). (81)

Thus,

T(t+1)—z(t) = —%a(lTL(t + 1)xcu (2). (82)

Using telescoping and the triangle inequality, we obtain
limsupE [|Z(¢t + 1) — (0)]
t— o0

<3 Bl + 1)
<—a<\/>\/ﬁ7)ZE xcx (s)ll5]

where (84) follows from (82) and Proposition 4.3. The
summation in (84) is clearly bounded by the geometric
decay in (73) (a geometric bound for each ¢ needs to be
obtained using (34), (63), (66) and (81), the details of which
are omitted). Therefore, the asymptotic modulus of error-
in-average can be expressed as a function of the exponent
in (73) as follows:

1125;131) E[[z(t) — z(0)]]

—(s)]] (83)

(84)

L
av2zA L 1 F )
\F Po1— (1~ f(a,e,7,9))2 L e (Ol
(85)
1 ay
< —V2A
_Vﬁwimfasm LH%L\b (86)
\3/2
7 AN (L)
< TR AVES LS g e Ol )

where (87) follows from (64).

Remark 5.3. The upper bound in (87) shows that for
a k-regular non-bipartite Ramanujan graph with fixed k,
using the bounds in (74), the asymptotic error-in-average
is O( ﬁ) Thus this error tends to zero for large graphs,

so that the consensus value is indeed accurate, similar to
[15], although the latter converges slowly compared to our
algorithm for this graph, as noted in Remark 5.2.

6. SIMULATION RESULTS

The performance of the queue-based broadcast gossip algo-
rithm proposed in this paper is illustrated through simulations
on the following networks of 100 nodes: networks modeled
as ring-structured and grid-structured graphs. These are com-
pared against the performance of the single-node broadcast
algorithm in [15]. In each case, the initial value of each node
is chosen uniformly at random from the interval (0, 100).
The single-node broadcast gossip algorithm uses 5 = 0.5,
where 1 — ( is the fixed update weight, since Corollary 2
in [15] shows this to be the optimal value for such graphs
as N — oo. For the queue-based algorithm, the transmission
probability of each node is chosen to be p = 0.33 in ring-
structured network and p = 0.2 in grid-structured network.
~v = 0.15 for ring-structured network and v = 0.1 for grid-
structured network; both use v = 0.5.

Figures 1 and 2 plot the expected norm of the consensus
error E [||x¢. (¢)||2] vs. the number of iterations for the two
networks. In each case, by choosing appropriate parameters,
our proposed algorithm converges much faster compared
to the single-node broadcast gossip algorithm, essentially
because we allow simultaneous broadcasts.
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Fig. 1: Expected norm of the consensus error vs. number of iterations
achieved by queue-based and single-node broadcast gossip algorithms for
a network of 100 nodes modeled as a ring-structured graph.

Now we demonstrate that the requirement of the broadcast
gossip algorithm in [15], that only one node transmits at
each time, cannot be easily dispensed with in that scheme.
By increasing the probability of transmission in their scheme,
we can force simultaneous transmissions there, so that their
algorithm may also converge faster. However, due to the
resulting collisions, the consensus result obtained in that
fixed-weight algorithm will be unsatisfactory, as seen below.
Consider an unbalanced network consisting of two cliques
of 20 and 10 nodes, respectively, connected by one common
node. Assume that the initial value is -1 in all nodes of
the larger clique and +1 in all other nodes. It is assumed
that the nodes have reached a consensus when the difference
between the maximum and minimum values of the nodes
becomes less than 0.01 at which point the iterations are
stopped. Figure 3 plots modulus of the error-in-average
vs. the number of iterations before being stopped, for our
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Fig. 2: Expected norm of the consensus error vs. number of iterations
achieved by queue-based and single-node broadcast gossip algorithms for
a network of 100 nodes modeled as a grid-structured graph.

proposed algorithm and the one with fixed weights. The
transmission probability of each node in both algorithms is
chosen to be p = 0.1 so that collisions occur frequently.
As illustrated in Figure 3, for any given number of itera-
tions, the consensus value of the algorithm in [15] deviates
significantly from unweighted consensus value, compared to
the error in our queue-weighted algorithm. Thus, the trade-
off between the time needed for convergence and the error-
in-average after convergence is significantly better in our
algorithm. This happens because the rate of correct packet
reception in the link (4, j) is different from that in link (7, %)
even in expectation in their case. i.e., the expected update
weight matrix is non-symmetric. While this will happen in
all graphs, the effect is particularly strong in our chosen
example because the node connecting the two cliques will
transmit packets successfully at a much higher rate to the
smaller clique than to the larger clique, resulting in a highly
non-symmetric expected weight matrix. This illustrates the
importance of using queue weights to automatically adapt to
these rate differences, as in our algorithm.

0.35 \ : ;
__Broadcast Gossip Algorithm
03 with Simultaneous Broadcasts i
ED —Queue-based Broadcast Gossip Algorithm
80.25¢ :
<
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&
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0 1 2 3 4 5 6

Number of Iterations «10%

Fig. 3: Consensus value deviates significantly from unweighted consensus
value if fixed weights are used to update state.

7. CONCLUSION

This paper proposed a queue-based broadcast gossip al-
gorithm for distributed average consensus in an arbitrarily
connected network of sensors. Our algorithm allows simul-
taneous broadcasts to speed up convergence to consensus.
Since these broadcasts naturally cause collisions, we specify
a novel state update algorithm that uses certain queue lengths
as update weights. We proved the geometric convergence of
this algorithm to consensus, assuming an appropriate choice
of parameters. The algorithm does not require the nodes to
have global information, such as the structure of the network.
(It does need a single global parameter - a lower bound on
correct packet reception probability.) For the particular case
of networks modeled as non-bipartite Ramanujan graphs,
we have shown formally that the convergence exponent of
the proposed algorithm is independent of the number of
nodes in the network, which is important in large-scale
sensor networks. Tightening the bounds used to derive the
convergence exponent remains to be addressed in the future.
This could help us compare our algorithm formally with ones
that only allow a single node broadcast.
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