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Abstract—1In this paper, we study distributed stochastic
optimization to minimize a sum of smooth and strongly-convex
local cost functions over a network of agents, communicating
over a strongly-connected graph. Assuming that each agent has
access to a stochastic first-order oracle (SFO), we propose a
novel distributed method, called S-A, where each agent uses
an auxiliary variable to asymptotically track the gradient of the
global cost in expectation. The S-AB algorithm employs row-
and column-stochastic weights simultaneously to ensure both
consensus and optimality. Since doubly-stochastic weights are
not used, S-AB5 is applicable to arbitrary strongly-connected
graphs. We show that under a sufficiently small constant
step-size, S-AB converges linearly (in expected mean-square
sense) to a neighborhood of the global minimizer. We present
numerical simulations based on real-world data sets to illustrate
the theoretical results.

Index Terms— Stochastic optimization, first-order methods,
multi-agent systems, directed graphs

I. INTRODUCTION

In the era of data deluge, where it is particularly difficult to
store and process all data on a single device/node/processor,
distributed schemes are becoming attractive for inference,
learning, and optimization. Distributed optimization over
multi-agent systems, thus, has been of significant interest in
many areas including but not limited to machine learning [1],
big-data analytics [2], and distributed control [3]. However,
the underlying algorithms must be designed to address prac-
tical limitations and realistic scenarios. For instance, with the
computation and data collection/storage being pushed to the
edge devices, e.g., in Internet of Things (IoT), the data avail-
able for distributed optimization is often inexact. Moreover,
the ad hoc nature of setups outside of data centers requires
the algorithms to be amenable to communication protocols
that are not necessarily bidirectional. The focus of this paper
is to study and characterize distributed optimization schemes
where the inter-agent communication is restricted to directed
graphs and the information/data is inexact.

In particular, we study distributed stochastic optimization
over directed graphs and propose the S-AB algorithm to
minimize a sum of local cost functions. The S-.AB algorithm
assumes access to a stochastic first-order oracle (SF0O), i.e.,
when an agent queries the SF O, it gets an unbiased estimate
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of the gradient of its local cost function. In the proposed
approach, each agent makes a weighted average of its own
and its neighbors solution estimates, and simultaneously
incorporates its local gradient estimate of the global cost
function. The exchange of solution estimates is performed
over a row-stochastic weight matrix. In parallel, each agent
maintains its own estimate of the gradient of the global
cost function, by simultaneously incorporating a weighted
average of its and its neighbors’ gradient estimates and its
local gradient tracking estimate. The exchange of gradient
estimates of the global cost function is performed over
a column-stochastic weight matrix. Since doubly-stoachstic
weights are nowhere used, S-AB is an attractive solution
that is applicable to arbitrary, strongly-connected graphs.

The main contributions of this paper are as follows: (i) We
show that, by choosing a sufficiently small constant step-
size, a, S-AB converges linearly to a neighborhood of the
global minimizer. This convergence guarantee is achieved for
continuously-differentiable, strongly-convex, local cost func-
tions, where each agent is assumed to have access to a SFO
and the gradient noise has zero-mean and bounded variance.
(i) We provide explicit expressions of the appropriate norms
under which the row- and column-stochastic weight matrices
contract. With the help of these norms, we develop sharp and
explicit convergence arguments.

We now briefly review the literature concerning distributed
and stochastic optimization. Early work on deterministic
finite-sum problems include [4]-[6], while work on stochas-
tic problems can be found in [7], [8]. Recently, gradient
tracking has been proposed where the local gradient at each
agent is replaced by the estimate of the global gradient [9]-
[12]. Methods for directed graphs that are based on gradient
tracking [11]-[16] rely on separate iterations for eigenvector
estimation that may impede the convergence. This issue
was recently resolved in [17], [18], see also [19]-[22]
for the follow-up work, where eigenvector estimation was
removed with the help of a unique approach that uses both
row- and column-stochastic weights. Ref. [17] derives linear
convergence of the finite-sum problem when the underlying
functions are smooth and strongly-convex, however, since
arbitrary norms are used in the analysis, the convergence
bounds are not sharp. Recent related work on time-varying
networks can be found in [23]-[26], albeit, without gradient
tracking. Of significant relevance is [27], where a similar
setup with gradient tracking is considered over undirected
graphs. We note that S-AB is novel as it generalizes [27] and
the analysis in [27] relies on the weight matrix contraction
in 2-norm that is not applicable here.



We now describe the rest of the paper. Section II describes
the problem, assumptions, and some auxiliary results. We
present the convergence analysis in Section III and the
main result in Section IV. Finally, Section V provides the
numerical experiments and Section VI concludes the paper.

Basic Notation: We use lowercase bold letters for vectors
and uppercase italic letters for matrices. We use I, for
the n x n identity matrix, and 1, for the column of n
ones. For an arbitrary vector, x, we denote its ith element
by [x]; and its smallest element by x and its largest element
by X. Inequalities involving matrices and vectors are to be
interpreted componentwise. For a matrix, X, we denote p(X)
as its spectral radius and X, as its infinite power (if it
exists), i.e., Xoo = limj oo X¥. For a primitive, row-
stochastic matrix, A, we denote its left and right eigenvec-
tors corresponding to the eigenvalue of 1 by =, and 1,,
respectively, such that ﬂTTln = 1 and A = 1,,71'TT .
Similarly, for a primitive, column-stochastic matrix, B, we
have Bo, = ﬁclz.

II. PROBLEM FORMULATION AND AUXILIARY RESULTS

Consider n agents connected over a directed graph, G =
(V,€), where ¥V = {1,--- ,n} is the set of agents, and &
is the collection of ordered pairs, (i,7),4,7 € V, such
that agent j can send information to agent . We assume
that (i,4) € £,Vi. The agents solve the following problem:

xERP

Pl: min F(x) £ %Zfi(x), (1
=1

where each f; : R? — R is known only to agent i. We now
formalize the assumptions.

Assumption 1: Each local objective, f;, is p-strongly-
convex, i.e., Vi € V and Vx,y € RP. Thus, we have

Fily) = i) + VL) (v - %) + S x — y[3.
Under Assumption 1, the optimal solution for Problem P1
exists and is unique, which we denote as x*.

Assumption 2: Each local objective, f;, is [-smooth, i.e.,
its gradient is Lipschitz-continuous: Vi € V and Vx,y € R?,
we have, for some [ > 0,

IV£:(x) = V)2 < x — ylla-

We make the following assumption on the agent commu-
nication graph, which guarantees the existence of a directed
path from each agent ¢ to each agent j.

Assumption 3: The graph, G, is strongly-connected.

We consider distributed iterative algorithms to solve Prob-
lem P1, where each agent is able to call a stochastic first-
order oracle (SFO). At iteration k and agent 4, given xi €
RP as the input, SFO returns a stochastic gradient in the
form of g;(x%,£) € RP, where & € R™ are random
vectors, Vk > 0,Vi € V. The stochastic gradients, g; (x5, £1),
satisfy the following standard assumptions:

Assumption 4: The set of random vectors {&! }r>0.icy are
independent of each other, and

(D) Eg [gi(x}, &)Ixt] = Vilx)),
. . . 2 .
@ B [[lei(xi &) - Vx5 1xi] < o2

Assumption 4 is satisfied in many scenarios, for example,
when the gradient noise, g; (x%, &;)—V fi(x}), is independent
and identically distributed (i.i.d.) with zero-mean and finite
second moment, while being independent of x}. However,
Assumption 4 allows for general gradient noise processes
dependent on agent i and the current iterate x}. Finally, we
denote by Fj the o-algebra generated by the set of random

vectors {&} fo<t<k—1,icv-

A. The S-AB algorithm

We now describe the proposed algorithm, S-AB, to solve
Problem P1. Each agent 7 maintains two state vectors, X}
and yfc, both in RP, where k is the number of iterations.
The variable X?C is the estimate of the global minimizer x*,
while yi is the global gradient estimator. The S-AB al-
gorithm, initialized with arbitrary x{’s and with y5 =
gi(x,&8), Vi € V, is given by the following:

n
. ; .
Xjy =Y ayx] — ayi, (2a)

Jj=1

y};+1 = Z bijyi + gi(xfcﬂy f}iﬂ) - gi(x?w 52)7 (2b)

j=1
where the weight matrices A = {a;;} and B = {b;;}
are row- and column-stochastic, respectively, and follow the
graph topology, i.e., a;; > 0 and b;; > 0, iff (¢,j) € £. We
next write the algorithm in a compact vector form for the
sake of analysis.

Xp+1 = Axp — ayr, (32)

Vi1 = Byr +8(Xnt1,841) — 8%k, &x),  (3b)
where we use the following notation:

Xk Vi g1 (%, k)
xp= | Ly s | sk €)= : ;

X YE 8n (Xi, &k)

and A=A®I,,B=B®I,.

Note that when the variance, o, of the stochastic gradients
is 0, we recover the AB or the push-pull algorithm proposed
in [17], [18]. In the following, we assume p = 1 for the sake
of simplicity. The analysis can be extended to the general
case of p > 1 with the help of Kronecker products.

B. Auxiliary Results

We now provide some auxiliary results to aid the con-
vergence analysis of S-AB. We first develop explicit norms
regarding the contractions of the weight matrices, A and B.
Since both A and B are primitive and stochastic, we use their
non-1,, Perron vectors, 7, and 7., respectively, to define two
weighted inner products as follows: Vx,y € R",

(%,¥)r, £ x' diag(m,)y,

(X,¥)m, £ x"diag(mc) "y
The above inner products are well-defined because the Perron
vectors, 7, and 7., are positive and respectively induce a



weighted Euclidean norm as follows: Vx € R™,
Il 2 y/lcia? + o+ [ a2 = [ldiag(vA)xl,
T O .. S |[diag(v/7o) " x|
Te [770]1 [ﬂ'c]n & ¢ 2"

and [ -||, as the matrix norms induced
B respectively, i.e., VX € R™" " see [28],

We denote |- ..
by |||, and |||

I X Ml,, = || diag(v/7,) X diag(va,) " [, @
X e, = ||| diag(vawe) ' X diag(v/awe[[|,- (&)

It can be verified that the corresponding norm equivalence
relationships between | - ||2, || - ||=,.» and || - || =, are given by

I e, < 720 2, I [l2 < 7 -

I llee < ™20 2,

||7T("

I+ ll2 < =2 L,

We next establish the contraction of the A and B matrices
with the help of the above arguments.
Lemma 1: For the matrices A, B, and Vx € R", we have:

[Ax — Accx|[ < 0allx = Ascx|l, ©)
| Bx = BooX|| .. < 0 X — BooX|l,;_, 7
witho s 2 || A~ A, <landog 2 || B — Bw||,. <1

The proof of Lemma. 1 is available in the Appendix. It can
be further verified that

o1 = o3 (ding (/) Adiag(v/,) ),

o = 02 (diag(«/ﬂ'c)*leiag(\/ﬂ'c)),
A, =l A llx, = In = Asc ll =, =1,
Bz, =l Boollx, =l 1n = Boo lllx, =1,

where o5(-) is the second largest singular value of a matrix.

In the following, Lemma 2 provides some simple results
on the stochastic gradients, Lemma 3 uses the /-smoothness
of the cost functions, while Lemmas 4 and 5 are standard
in convex optimization and matrix analysis. To present these
results, we define three quantities:

_ 1 1 .
Vi 2 *LL}% h(x;) £ ELTVf(Xk), X &) xp,

where Vf(xx) £ [Vfi(x5),..., Vfu(x})]T. The following
statements use standard arguments and their formal proofs
are omitted due to space limitations. Similar results can be
found in [10], [17], [27].

Lemma 2: Consider the S-AB algorithm in (2) and let
Assumptions 2-4 hold. We have the following holds, Vk > 0:
(D) ¥ = L8k, &) = B0xk, &)

2) E[FelFi] = 51, VE(xk) :Zh(Xk)
_ 2 .
) Elllyy, —hxn)lly 7] < 5

Lemma 3: Consider the S-AB algorithm in (2) and let

Assumptions 2 hold. We have the following hold, V& > 0:
Ih(xk) —

VF(xk)|2 < Xk — 1, Xk]|2-

f |

Lemma 4 ( [29]): Let Assumptions 1-2 hold. If 0 <a <7,
we have: Vx € RP,
Ix — VE(xi) = x 2 < (1 ap)lx - x7]|o.
Lemma 5 ( [28]): Let X € R™ ™ be non-negative
and x € R™ be a positive vector. If Xx < wx with w > 0,
then p(X) < w.

III. CONVERGENCE ANALYSIS

In this section, we analyze the S-AB algorithm and
establish its convergence properties for which we present
Lemmas 6-9. The proofs for these lemmas are provided in
the Appendix. First, in Lemma 6, we bound [|y]|3.

Lemma 6: Let Assumptions 1-4 hold. Then the iterates
{¥k}r>0 generated by S-AB in (3) follow:

E{[ly 317

4n||7. X
< AU e — 1512, + d4n? w32 e — 73
+ 47 E[|lyx — BooYillz, [ Fk] + 4n|mw |50, ®)

Next in Lemmas 7-9, we bound the following three
quantities in expectation, conditioned on the o-algebra Fy:
@) || xg+1 — 1nXp+1 Hfrr, the consensus error in the network;
(i) [|[Xgr1 — x*||%, the optimality gap; and, (iii) ||yrs1 —
Booyi+1||%,, the gradient tracking error. We then show that
the norm of a vector composed of these three quantities
converges linearly to a ball around the optimal when the
step-size « is fixed and sufficiently small. The first lemma
below is on the consensus error.

Lemma 7: Let Assumption 3 hold. Then the consensus
error in the network follows:

Elllxe+1 = LnXer1l7, 1]
< 1+ai 1 2ma 2
Sk -1 rElllyxlz 7] ©)
The next lemma is on the optnnallty gap
Lemma 8: Let Assumptions 1-4 hold. If 0 < o <

the optimality gap in the network follows:

’I’L7TT7T 1

Ef| %541 — x5 %]

< mnxk _ lnxk”-,-r
+ (1= (unm ] 70)2a%) |Re — x*3
+ 222 p |y, — Booyil2, |3

+2 (7TT 71'6)2 nalo?,
Finally, we quantify the gradient tracking error.
Lemma 9: Let the hypotheses of Lemma 2 hold. The
gradient tracking error follows:

(10)

E [|lyis1 — Boo}’k+1ll3rc|-7:k]
< 2R [|ys — Booyall2 | Fi]
memtiag I -
+ E [|lysl31Fx] + 22" (11)

l2 2
e (1—0%)

With the help o f the above lemmas, we deﬁne a vec-

tor, t; € R3, ie.,

1 ikHZ

E [ka: L X |2, ]
E [||IXx — x*|13]

E [lye — Booyil2.] -

t), =



By substituting the bound on E[||y||3|F%] from Lemma 6 in
Lemmas 7-9, and taking the full expectation of both sides, it
can be verified that t; follows the dynamical system below.

1 2
% + a10? asa? asa’
trr < aso 1 — asa? ag tr
1 2
a7 + aga? aga’ % + aq190?
b1a2
—+ bg&z s
bs + b4a2

A
= Gaty + bg, (12)

where the constants are given by

8nllrre |31 161 e

1= 52 asg = T Te(1— 013,)
8n||w.||21%7, 16n21*||7e||5
a2 = —f_clflg" 7 ag = —— =
1—0? ’ T we(l—0%)’
_ 8Ty 7o _ l6’7.
az = 752%; 410 = e
4‘1'&'T7'rrl2 8nl||w.|| 2702
oy = dmimed b, = Solimelimet
SR oA,
as = (punm, w.)°, by = 2(m, w.)*no?,
— 2”’”’”37‘7 __ 8no?
ag = wl e ) b3 T
2 16n1?||we||20?
ay = 321 b4 — Iellzo

e mr(1—0%)’ T we(1—03)

IV. MAIN RESULT

In this section, we analyze the inequality on ty, to establish
the convergence of S-AB.

Theorem 1: Consider the S-AB algorithm in (2) and let
Assumptions 1-4 hold. Suppose the step-size « satisfies the
following the condition:

1 l—ai

nw 7wl 2ag 4a2 4agaz 8azay ’
T tas “4+1a TI-02)

0 < o < min

ay
4agay 4araig

2&
T+ (“4+1 o2 >+1(1 %)

Then, p(G,) < 1, the vector (I3 — G4) 'b, has non-
negative components, and we have that

lim sup tg < (I3 — Go) ‘b,
k—o00

lim sup E [ka - 1n§k||fr,n] < [(13 - Ga)ilba]l
k—o0

S [(IB - Ga)ilba}

lim sup E [[% — x"[|3] ),
k—o0

where the above convergence is geometric with expo-

nent p(Gy).

Proof: The goal is to find the range of « such
that p(G,) < 1. In the light of Lemma 5, it suffices to solve
for the range of « such that G, < § holds for some positive
vector & = [d1,02,83] . We now expand this element-wise
matrix inequality as follows:

(% + a1a2) 01 + a2a2§2 + a3a263 < 0
0,405(51 + (1 — CL5OL2)52 + a6a53 < 62
2
(a7 + CLgOéQ) 01 + a9a252 + (H% + a10a2> 03 < 03

which can be reformulated as follows:

(a181 + agds + azds) a? < 17203 01 (13)
asdr1c — agdoa® + agdsa < 0 (14)
(agdy + agdy + a10dz) a® < 1720125 03 — a6y (15)
We now set 91, do, 03 as
b= b= 2 (a0 +125), 6= %0 (16)
Then for (13) to hold, it suffices to satisfy
12
a< 2?1+4a2 (a‘**?a%)ﬂﬁ‘?g‘%) . (17)

One can verify that with the choices of d1,d2,d3 provided
in (16), (14) holds. Lastly, for (15) to hold, we have

(18)

a < 2z .

Pt (a2 )t
Therefore, (17) and (18) together with the requirement
that o < —=— from Lemma 8 complete the proof. [ ]
It is 1mp0rte{nt to note that the error bounds in Theorem 1
go to zero as the step-size gets smaller and the variance on

the gradient noise decreases.

V. NUMERICAL EXPERIMENTS

In this section, we illustrate the S-AB algorithm and its
convergence properties. We demonstrate the results on a di-
rected graph generated using nearest neighbor rules with n =
20 agents. The particular graph for the experiments is shown
in Fig. 1 (left) to provide a sense of connectivity. We choose a
logistic regression problem to classify around 12, 000 images
of two digits, 7 and 8, labeled as y;; = +1 or —1, from the
MNIST dataset [30]. Each image, c;;, is a 785-dimensional
vector and the total images are divided among the agents
such that each agent has m; = 600 images. Because privacy
and communication restrictions, the agents do not share their
local batches (local training images) with each other. In
order to use the entire data set for training, the network of
agents cooperatively solves the following distributed logistic
regression problem:

n  m;

=3 > e (et 4

=1 j=1

min F(w,b)

A 2
i S Iwl,

where the private function at each agent, ¢, is given by:

m;

fi(W, b) = Z]n [1 4 e_(WTCij+b)yij:| +
j=1

A
= w3,

We show the performance of this classification problem
over centralized and distributed methods. Centralized gra-
dient descent (CGD) uses the entire batch, i.e., it com-
putes 12,000 gradients at each iteration, whereas centralized
stochastic gradient descent (C-SGD) uses only one data
point at each iteration that is uniformly sampled from the
entire batch. For the distributed algorithms, we show the
performance of non-stochastic A, where each agent uses its



entire local batch, i.e., 600 labeled data points. Whereas, for
the implementation of S-AB, each agent uniformly chooses
one data point from its local batch. For testing, we use 2000
additional images that were not used for training. The resid-
uals are shown in Fig. 1 (right) while the training and testing
accuracy is shown in Fig. 2. In the performance figures,
the horizontal axis represents the number of epochs where
each epoch represents computations on the entire batch.
Clearly, S-AB has a better performance when compared
to AB in [17] as expected from the performance of their
centralized counterparts, C-SGD and CGD.

0 20 40 60 80 100
# of Enochs

Fig. 1. (Left) Strongly-connected directed graph. (Right) Residuals.

— o

0.6 56D 061 | 56D
— a8 | — a8

— sns — se8

0 20 40 60 80 100 0 20 40 60 80 100
# of Epochs # of Enochs

Fig. 2. (Left) Training accuracy. (Right) Test accuracy.

VI. CONCLUSIONS

In this paper, we have presented a stochastic gradient de-
scent algorithm, S-AB, over an arbitrary strongly-connected
graph. In this setup, the data is distributed over agents
and each agent uniformly samples a data point (from its
local batch) at each iteration of the algorithm to implement
the stochastic S-AB algorithm. To cope with general di-
rected communication graphs and potential lack of doubly-
stochastic weight matrices, the S-AB employs a two-phase
update with row- and column-stochastic weights. We have
shown that under a sufficiently small constant step-size, S-
AB converges linearly to a neighborhood of the global
minimizer when the local cost functions are smooth and
strongly-convex. We have presented numerical simulations
based on real-world datasets to illustrate the theoretical
results.

REFERENCES

[1] B. McMahan, E. Moore, D. Ramage, S. Hampson, and B. A. Arcas,
“Communication-efficient learning of deep networks from decentral-
ized data,” in Artificial Intelligence and Statistics, 2017, pp. 1273—
1282.

[2] A. Daneshmand, F. Facchinei, V. Kungurtsev, and G. Scutari, “Hybrid
random/deterministic parallel algorithms for convex and nonconvex
big data optimization,” IEEE Trans. on Signal Processing, vol. 63,
no. 15, pp. 3914-3929, 2015.

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

F. Bullo, J. Cortés, and S. Martinez, Distributed control of robotic net-
works: A mathematical approach to motion coordination algorithms,
Princeton University Press, 2009.

A. Nedi¢ and A. Ozdaglar, “Distributed subgradient methods for multi-
agent optimization,” [EEE Trans. on Automatic Control, vol. 54, no.
1, pp. 48-61, Jan. 2009.

I. Lobel, A. Ozdaglar, and D. Feijer, “Distributed multi-agent
optimization with state-dependent communication,” Mathematical
Programming, vol. 129, no. 2, pp. 255-284, 2011.

J. C. Duchi, A. Agarwal, and M. J. Wainwright, “Dual averaging for
distributed optimization: Convergence analysis and network scaling,”
IEEE Trans. on Automatic Control, vol. 57, no. 3, pp. 592-606, Mar.
2012.

S. S. Ram, A. Nedi¢, and V. V. Veeravalli, ‘“Distributed stochastic
subgradient projection algorithms for convex optimization,” Journal
of optimization theory and applications, vol. 147, no. 3, pp. 516-545,
2010.

A. Nedi¢ and A. Olshevsky, “Stochastic gradient-push for strongly
convex functions on time-varying directed graphs,” IEEE Trans. on
Automatic Control, vol. 61, no. 12, pp. 3936-3947, Dec. 2016.

J. Xu, S. Zhu, Y. C. Soh, and L. Xie, “Augmented distributed gradient
methods for multi-agent optimization under uncoordinated constant
stepsizes,” in IEEE 54th Annual Conference on Decision and Control,
2015, pp. 2055-2060.

G. Qu and N. Li, “Harnessing smoothness to accelerate distributed
optimization,” IEEE Trans. on Control of Network Systems, Apr. 2017.
A. Nedi¢, A. Olshevsky, and W. Shi, “Achieving geometric conver-
gence for distributed optimization over time-varying graphs,” SIAM
Journal of Optimization, vol. 27, no. 4, pp. 2597-2633, Dec. 2017.
C. Xi, R. Xin, and U. A. Khan, “ADD-OPT: Accelerated distributed
directed optimization,” IEEE Trans. on Automatic Control, Aug. 2017,
in press.

K. I. Tsianos, S. Lawlor, and M. G. Rabbat, ‘“Push-sum distributed dual
averaging for convex optimization,” in 51st IEEE Annual Conference
on Decision and Control, Maui, Hawaii, Dec. 2012, pp. 5453-5458.
A. Nedi¢ and A. Olshevsky, “Distributed optimization over time-
varying directed graphs,” IEEE Trans. on Automatic Control, vol.
60, no. 3, pp. 601-615, Mar. 2015.

C. Xi and U. A. Khan, “Distributed subgradient projection algorithm
over directed graphs,” IEEE Trans. on Automatic Control, vol. 62, no.
8, pp. 3986-3992, Oct. 2016.

C. Xi, V. S. Mai, R. Xin, E. Abed, and U. A. Khan, “Linear
convergence in optimization over directed graphs with row-stochastic
matrices,” IEEE Trans. on Automatic Control, Jan. 2018, in press.
R. Xin and U. A. Khan, “A linear algorithm for optimization over
directed graphs with geometric convergence,” IEEE Control Systems
Letters, vol. 2, no. 3, pp. 325-330, Jul. 2018.

S. Pu, W. Shi, J. Xu, and A. Nedié, “A push-pull gradient method
for distributed optimization in networks,” in 57th IEEE Annual
Conference on Decision and Control, Dec. 2018.

R. Xin and U. A. Khan, “Distributed heavy-ball: A generalization
and acceleration of first-order methods with gradient tracking,” arXiv
preprint arXiv:1808.02942, 2018.

S. Pu, W. Shi, J. Xu, and A. Nedid,
gradient methods for distributed optimization
https://arxiv.org/abs/1810.06653, 2018.

F. Saadatniaki, R. Xin, and U. A. Khan, “Optimization over time-
varying directed graphs with row and column-stochastic matrices,”
arXiv preprint arXiv:1810.07393, 2018.

A. Daneshmand, G. Scutari, and V. Kungurtsev,
guarantees of distributed gradient algorithms,”
arXiv:1809.08694, 2018.

D. Yuan, Y. Hong, D. W. C. Ho, and G. Jiang, “Optimal distributed
stochastic mirror descent for strongly convex optimization,” Automat-
ica, vol. 90, pp. 196203, Apr. 2018.

N. Denizcan Vanli, Muhammed O. Sayin, and Suleyman S. Kozat,
“Stochastic subgradient algorithms for strongly convex optimization
over distributed networks,” IEEE Trans. on Network Science and
Engineering, vol. 4, no. 4, pp. 248-260, Oct. 2017.

D. Jakoveti¢, D. Bajovi¢, A. K. Sahu, and S. Kar, “Convergence rates
for distributed stochastic optimization over random networks,” in I[EEE
Conference on Decision and Control, Dec. 2018, pp. 4238-4245.

A. K. Sahu, D. Jakoveti¢, D. Bajovi¢, and S. Kar, “Distributed
zeroth order optimization over random networks: A Kiefer-Wolfowitz

“Push-pull
in networks,”

“Second-order
arXiv preprint



stochastic approximation approach,”
Control, Dec. 2018, pp. 4951-4958.

[27] S. Pu and A. Nedi¢, “A distributed stochastic gradient tracking
method,” in 2018 IEEE Conference on Decision and Control (CDC),
Dec. 2018, pp. 963-968.

[28] R. A. Horn and C. R. Johnson, Matrix Analysis, ond ed., Cambridge
University Press, New York, NY, 2013.

[29] Y. Nesterov, Introductory lectures on convex optimization: A basic
course, vol. 87, Springer Science & Business Media, 2013.

[30] Y. LeCun, C. Cortes, and C. Burges, “MNIST handwritten digit
database,”  AT&T Labs [Online]. Available: http://yann. lecun.
com/exdb/mnist, vol. 2, pp. 18, 2010.

in Conference on Decision and

APPENDIX
PROOF OF LEMMA 1

Proof: We start with the proof of (6). Note that Ax —
Ax = (A — A)(x — Asox) that leads to
|Ax — A

LS A = Ay, Ix— A

By the definition of |||, and Eq. (4), we have

. = ||| diag(v/m,) (A — Ao)diag(v/a,) ||
£ )\max('])7

A= Aol

where A\pax(-) denotes the largest eigenvalue of the ma-
trix and J = diag(\/m,) (4 — A) diag(m,)(A —
Ao )diag(/m,) 1. What we need to show is that p(.J) < 1.
Expanding J, we get

J = diag(y/m,) "' A" diag(w,) Adiag(y/7,) "
— diag(y/,) "' A diag(m, ) Adiag(y/m,) !
— diag(/m,) L AT diag(mr,) Asodiag(y/m,) "}
+ diag(y/,) "t AL diag(m, ) Aodiag(v/,) ",
20— Jy—J3+ Ju

With the fact that AOO =1,
J3 =Jy = frfr and thus J=J - \f \f Fur-
thermore, .Jq./7, /7, and /7, J1 = 1/7rr .

Since Jj is primitive, by Perron Frobenius theorem [28], we
have p(J) = p(J1 — VT, \f ) < 1 and thus

, it can be verified that Jo =

:
a2 A= Agll. =V olh — Va/a) <1

To prove (7), we note that Bx— BooX = (B—Bo ) (X—BsoX)
and we have the following:

[1Bx = BooX|[z, < | B = Boo I, X = BooX|l, -

Next we show that || B — B ||, < 1. By the definition

of [[[ll, , and (5), we have the following:

1B = B, = ||| diag(v/me) ™ (B — Boo)diag(v/re) |
é )\max(H)a

where H = diag(y/7.)(B — By)'diag(mw.) (B —

By,)diag(y/m.). Next we show that p(H) < 1. We expand

the expression for H as below:

H = diag(y/7.)B diag(m.) ! Bdiag(y/7.)
— diag(y/7c) By diag(w.) "' Bdiag(\/7.)
— diag(y/7e) B diag(m.) ™' Boodiag(y/7rc)
+ diag(y/7.) B, diag(m.) ! Boodiag(v/7e),
£ H,— Hy — Hs + Hy.

With the fact that B, = 71'61;'; , one can verify that Hy =
Hs = Hy = /To/Te' and thus H = Hy — /7 /7, .
Since H; is primitive, by Perron-Frobenius theorem [28],
we have that

— ot — VA <1

which completes the proof. [ ]

5= || B = Bx .,

PROOF OF LEMMA 6
Proof: We have

Iyellz € 72 yk — 7o) yillm, + 7l yill

= 7 0|lyk — BooYillm. + I7cll2l 1, yill2

< T2k = BooYillm, + nllmell29: — hixi)z
+nmellsl|B(xi) = V()2
+nllmellsl|VE(R) = VE(x")]l2

< T2k = BooYillm, + nllwell29: — hixi)z
- Zel=t gy — 1% |,

+nllwellollXe — x|z,

Squaring the above, and using the basic inequality 2ab <
a® + b%, we get

Iyell < 47Cllyr — Booyrliz, + 4n?[mcl3]F) — hixe)l3

+ BT e — 1%,
+dn® |l 312 %g — x|z
Taking the expectation on both sides given Fj, and using (3)
in Lemma 2 completes the proof. [ ]
PROOF OF LEMMA 7
Proof: We have
k41 — 1nXega ||,
Ao (Ax), — ay) |12
= ||Axy — Asoxi — (I, — As)
= [|Axk — Asoxll, + o®||(In — Acc)yrlz,
— 2<Axk — Aooxp, a1, — Aoo)yk>ﬂ_r

= [|[Axy, — ayr —

< 02 lIxx — Acoxi|2 + @[ Lo — Ao 12 llyell2,
+ 200 4||xk — Aockam\H I,— A
< 02 |xk — Acoxill2, + 2 |lyil2.
+ aoa(Sa2 Ixn — Awxell?, + 2224 |y,
2
< M2y — Acoxp||Z, + Wny 13



where the second last inequality uses Young’s inequality and
the last inequality uses the norm-equivalence. We also used
the fact that || I, — A ||, = 1. Taking the expectation on
both sides given the o-algebra F, finishes the proof. |

PROOF OF LEMMA 8

Proof: ~We start by multiplying both sides of (3a)
with 7w to obtain as in [17], [20]:

Xpt1 — X =X, —x" —am, (yk—wcl Yi + w1, yk)

=X —x" — nom'Tﬂ'cyk —am, (yk — BooYk)-
Taking norms and squaring both sides leads to

X1 — x*||3
=%k — x* — nam, 7.y, — am} (yi — Booyi) |3
=[x — x* — naw, w.y,|3
- 2<Xk —x* —nam! 7.y, am, (yi — Booy1<:)>
+a?|| 7} (yi — Booyi) |3

211+ 1y + &P m |37l lyr — BooYillz, - (19)

We first provide an upper bound on 7;. The bound on ry
here is similar to the one provided in [27].

1= [[%e = X*[3 + (naw, w)?||Fll3
- 2<>’Ek —x*, nom';!—ﬂ'cyk>

— R — x*|2 - 2na7r,T7rc<§k — X", VF(§k)>
+ 2nom'T7rC<§k —x",VF(X) — yk>

+ (nam, me)? |5 13- (20

We first note that

E[[¥,lI317x] = E[IF — h(xx) + hixx)3]
= E[|7), — h(xw)lI317] + [h(xe)13
< o

— +|h 2.
- + [[h(xk)|3

Taking the conditional expectation of (20) on bothsides
given F}, leads to

E[r1|F]

=% — x*||2 — 2na7rj7rc<§<k _— VF(ﬁk)>
+ 2nam) 7r<§k — X", VF(%) — h(xk)>
+ (am 7o) *no?
+ (nam, me)?h(xi) — VF(X) + VF(Z)[13

= ||%p — x*||5 — 2nom';r7rc<§k —x¥, VF(ik)>
+ 2na7r:7rc<§k —x", VF(Xy) — h(xk)>
+ (am] 7.)*no? + (naw, w.)?||h(xy) —
+ (nam o) | VE ()13
+2(nam] m)*(h(xi) — VF(Re), VF(Re) )

V()3

= ||Rr — x* — naw T .VF (%)
+ 2ncm';r7rC
. <§k — X" —nam 7 VF(Ry), VF(Ry) — h(xk)>

VF()A(k)H%-l- Zno?

+ (nam [ 7.)?|h(xz) — (am] mw,.)?no?.

Using Lemma 4, we proceed with the proof as follows:

E[Tﬂfk]

< (1= pnam,| mwe)?|[%e — x7|I3
— pnam )
h(x)]|2

(am] 7. )no

+ 2na7r:7rc(1
Xk = x| VE(Xg) —
+n(lamw] 7)%|xp — 1,X5]2 + ?

< (1 — pnaw w)2 %, — x*|)3

+nam, m (1 — pnam, 7.)2u|%; — x*||3
n IVE(Xg) — h(Xk)H%)
L
+n(law] 7)%|xk — 1,X:]2 + (am] 7.)*no?
< (1= pnam [ 7o)* (1 + pnam, m.)||%x — x*|13
am w12

(1 + pnam, w)||xk — 1,% |3

+ a?(w) w.)*no. (21

Next we bound ro as follows:

IN

ry < 20X — x* — naw w. Y27} (yi — Booyi) |2

IN

a(/mﬂ'TTﬂ'cHik —x* —naw 7.y,3

] (v = Booyi)3)

],

< pnaw ! 7oKy — x* — naw! 75,3
af|m. |37 2
—arriete — B .



Using (21), we obtain
Elra| Fr] < unaw:ﬂ'cE[rﬂfk]

a3

+ Elllyr — BooYill2, | Fel.  (22)

pnw,] T,
Now we take the expectation conditioned on F on bothsides
of (19) and use (21) and (22) to complete the proof. |
PROOF OF LEMMA 9
Proof: We use gi 2 g(xy,&;) and g} £ g(x}, &) to

simplify notation. Starting with (3b), we obtain

|Vkt1 — BooYrill2,

= || Byx — Boo¥illz, + (In — Boo)(gr+1 — 81l

+ 2<BYk - Boona (In - Boo)(gk-‘rl - gk)>

c

< 0B lyr — BooYilln, + lgr+1 — grl7,
+ 2<BYk — Booyk, 841 — gk>7T ; (23)
where the last inequality uses || I, — B ||, = 1 and that
(BYk = Boo¥k Boo(8k+1 — 8k)) .
=(Bykr — BooYr, 101, (grs1 — g1)) = 0.

We take the conditional expectation given Fj on bothsides
of (23) to get:

E [[ye+1 — BooYi+1llz, | Fr]

< 03E [llyr — BooYi |z, [ F] + E [llgrs1 — grll7, | F]
+2E[E[(Byr — BooYk» 8k+1 — 8k)mo| Frt1] | Fr]

= 0BE [yx — Boo¥Yillz | Fr] + E [llgrt1 — gkll3 [ Fx]
+ 2E [(Byk — BooYk, VE(Xk) — 8k)x. | F]
+ 2E [(Byr — BooYi, VE(xp41) — VE(XE)) 2, | Fr]

A

2 03K [lyr — BooYull2.|Fi] + 51+ 252 + s3. (24)

We now bound the last three terms in the following.
Bounding s;:
s1 = E[|lgr+1 — 8r — (VE(xk41) — VE(xp))
+ V(1) = VEGu) |7, 7]
= E[|VE(xk+1) = V() 17, 1]
+ Ell|lgr+1 — g8x — (VE(xk11) —
+ 2E [(VE(x+1) — VE(xz),
gh+1 — 8k — (VE(Xk41) — VE(xk))) .
< E[|VE(xk11) — VEGR) |3, 7] + 222
+ 2E[(VTf(xk41), VE(xk) — gk>,,c|]-"k]. (25)

In order to bound the last term in the above, We first note
that from (2a)

VE(x0) 7. 1 Fi]

Fi)

Vfi(xiﬂ) =Vfi <Z aijx;c —Oé(z bijy}cﬂ + gk — glic1)>

=1 j=1
and we we define

V{2V <Z aijXp, — Oé(z bijyio1 + Vfi(xi) — g21)> .

Jj=1 Jj=1

Therefore, ||V fi(xj,,1) = V filla < al||V fi(x},) —
then proceed the proof as follows:

k). | Fk]

< —STE(VAi(Xr) - Vi + VL Vi) - gh)lFil
— =1

S EIVG) - VANV G - gl1F]

— =1

< ZNE||IVAGD - el 17 <

™
¢y Zc

g.ll2. We

E[(VE(xpt1), VE(xk) —

IN
|

nalo?

Hence, we have the following on s1:

dno?

s1 < E[|VE(xps1) — VE(xk) |7, | Fi] + (26)

Bounding ss:

s2 = E[(Byk, VE(xx) — gk )| Fi]

- EKBOOyk’ Vf(xk) - gk>7rc ‘]:k] (27)

For the first term in (27), we have

E[(By, VE(xk) - k)| Fi]
= E |(B2yi1 + Blgr — gi-1), VEGx) — 81),, 1P|

[(ng, VE(xE) = 8k, |]:k}

= [ ! -E <Zbijgi,Vfi(x};) —g?;>|fk
j=1

-2 [if]iE (gl V£i(xh) — gh)[Fi] <0.

For the second term in (27), we have

~E[{(Booyr, VE(xk) — 8k) .| Fi]
—E [(1,1, g, VE(xx) — gk} | Fx]

(" —gl, Vilxi) — gi)IFi)
J=1

(Y fi(xk) — &, V fi(xk) — gh) | Fi] < no®

e
2%

Hence, we have that so < no?.
Bounding s3: In order to proceed, we first need

IVE(xkq1) — VE(x2)[|,

< Pllxpgr — xx 1%,

= || Axy, — ayr, — xi|%,

= P|(A = L) (xk — Acoxi) — a3,

= PI(A = L) (xx — Asox) %, + P |lyel%,
—21%((A — L) (xk — AsoXi), Q¥k)

< 81 ||xk — Acoxp||%, + 2a212mllyk|\2, (28)



where in the second last inequality we use || A — I, < 2.
We now proceed with ss.

2(Byk — BooYk, VE(Xit1) — VE(Xp))x,

< 2|BYk — BooYi . [[VE(xk11) = VE(x1)]

)
< L%2||Byy, — Booyrl2,
B

+ 2% | Vf(xp11) — VI (xx) |2,

T

1—0%
1_ o2
< 2 |yr — Byl
16 2 l2 2 2 12 2
ooy Ixe — Asoxi7, + 285 Iyell3

(29)

Combining the bounds on si, s2, s3 and (24), completes the
proof. [ ]



