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Abstract

We examine fundamental tradeoffs in iterative distributed zeroth and first order stochastic optimization in multi-
agent networks in terms of communication cost (number of per-node transmissions) and computational cost, measured
by the number of per-node noisy function (respectively, gradient) evaluations with zeroth order (respectively, first
order) methods. Specifically, we develop novel distributed stochastic optimization methods for zeroth and first order
strongly convex optimization by utilizing a probabilistic inter-agent communication protocol that increasingly sparsifies
communications among agents as time progresses. Under standard assumptions on the cost functions and the noise
statistics, we establish with the proposed method the O(1/(Ceomm)*37¢) and O(1/(Ceomm)®/°~¢) mean square
error convergence rates, for the first and zeroth order optimization, respectively, where Ccomm is the expected
number of network communications and ¢ > 0 is arbitrarily small. The methods are shown to achieve order-optimal
convergence rates in terms of computational cost Ceomp, O(1/Ceomp) (first order optimization) and O(1/(Ceomp)??)
(zeroth order optimization), while achieving the order-optimal convergence rates in terms of iterations. Experiments

on real-life datasets illustrate the efficacy of the proposed algorithms.

1. INTRODUCTION

Stochastic optimization has taken a central role in problems of learning and inference making over large data sets.
Many practical setups are inherently distributed in which, due to sheer data size, it may not be feasible to store data
in a single machine or agent. Further, due to the complexity of the objective functions (often, loss functions in the
context of learning and inference problems), explicit computation of gradients or exactly evaluating the objective at
desired arguments could be computationally prohibitive. The class of stochastic optimization problems of interest

can be formalized in the following way:
min f(x) = min E¢p [F(x;£)],

where the information available to implement an optimization scheme usually involves gradients, i.e., VF'(x; &) or
function values of F(x; &) itself. However, both the gradients and the function values are only unbiased estimates of

the gradients and the function values of the desired objective f(x). Moreover, due to huge data sizes and distributed
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applications, the data is often split across different agents, in which case the (global) objective reduces to the sum
of N local objectives, F'(x;&) = Zf\il F;(x; &), where N denotes the number of agents. Such kind of scenarios
are frequently encountered in setups such as empirical risk minimization in statistical learning [1]. In order to
address the aforementioned problem setup, we study zeroth and first order distributed stochastic strongly convex
optimization over networks.

There are N networked nodes, interconnected through a preassigned possibly sparse communication graph, that
collaboratively aim to minimize the sum of their locally known strongly convex costs. We focus on zeroth and
first order distributed stochastic optimization methods, where at each time instant (iteration) k, each node queries a
stochastic zeroth order oracle (SZQ) for a noisy estimate of its local function’s value at the current iterate (zeroth
order optimization), or a stochastic first order oracle (SF Q) for a noisy estimate of its local function’s gradient
(first order optimization). In both of the proposed stochastic optimization methods, an agent updates its iterate
at each iteration by simultaneously assimilating information obtained from the neighborhood (consensus) and the
queried information from the relevant oracle (innovations). In the light of the aforementioned distributed protocol,
our focus is then on examining the tradeoffs between the communication cost, measured by the number of per-node
transmissions to their neighboring nodes in the network; and computational cost, measured by the number of queries
made to SZ0 (zeroth order optimization) or SFO (first order optimization).

Contributions. Our main contributions are as follows. We develop novel methods for zeroth and first order dis-
tributed stochastic optimization, based on a probabilistic inter-agent communication protocol that increasingly spar-
sifies agent communications over time. For the proposed zeroth order method, we establish the O(1/(Ceomm)®/?~¢)
mean square error (MSE) convergence rate in terms of communication cost Ccomm, Where ¢ > 0 is arbitrarily small.
At the same time, the method achieves the order-optimal O(1/(Ceomp)?/®) MSE rate in terms of computational
cost Ceomp in the context of strongly convex functions with second order smoothness. For the first order distributed
stochastic optimization, we propose a novel method that is shown to achieve the O(1/(Ceomm)*/>¢) MSE
communication rate. At the same time, the proposed method retains the order-optimal O(1/(Ciomp)) MSE rate in
terms of the computational cost, the best achievable rate in the corresponding centralized setting.

The achieved results reveal an interesting relation between the zeroth and first order distributed stochastic opti-
mization. Namely, as we show here, the zeroth order method achieves a slower MSE communication rate than
the first order method due to the (unavoidable) presence of bias in nodes’ local functions’ gradient estimation.
Interestingly, increasing the degree of smoothnessﬂ p in cost functions coupled with a fine-tuned gradient estimation
scheme, adapted to the smoothness degree, effectively reduces the bias and enables the zeroth order optimization
mean square error to scale as O(1/(Ceomp)®~1/P). Thus, with increased smoothness and appropriate gradient
estimation schemes, the zeroth order optimization scheme gets increasingly close in mean square error of its first
order counterpart. In a sense, we demonstrate that the first order (bias-free) stochastic optimization corresponds to

the limiting case of the zeroth order stochastic optimization when p — oco.

'Degree of smoothness p refers to the function under consideration being p-times continuously differentiable with the p-th order derivative

being Lipschitz continuous.



In more detail, the proposed distributed communication efficient stochastic methods work as follows. They utilize
an increasingly sparse communication protocol that we recently proposed in the context of distributed estimation
problems [2]. Therein, at each time step (iteration) k, each node participates in the communication protocol with its
immediate neighbors with a time-decreasing probability pi. The probabilities of communicating are equal across
all nodes, while the nodes’ decisions whether to communicate or not are independent of the past and of the other
nodes. Upon the transmission stage, if active, each node makes a weighted average of its own solution estimate
and the solution estimates received from all of its communication-active (transmitting) neighbors, assigning to each
neighbor a time-varying weight Si. In conjunction with the averaging step, the nodes in parallel assimilate the
obtained neighborhood information and the local information through a local gradient approximation step — based
on the noisy functions estimates only — with step-size a.

By structure, the proposed distributed zeroth and first order stochastic methods are of a similar nature, expect for
the fact that rather than approximating local gradients based on the noisy functions estimates in the zeroth order
case, the first order setup assumes noisy gradient estimates are directly available.

Brief literature review. We now briefly review the literature to help us contrast this paper from prior work. In the
context of the extensive literature on distributed optimization, the most relevant to our work are the references that fall
within the following three classes of works: 1) distributed strongly convex stochastic optimization; 2) distributed
optimization over random networks (both deterministic and stochastic methods); and 3) distributed optimization
methods that aim to improve communication efficiency. While we pursue stochastic optimization in this paper,
the case of deterministic noiseless distributed optimization has seen much progress ( [3[]-[6]) and more recently
accelerated methods ( [7]], [8]). For the first class of works, several papers give explicit convergence rates in terms
of the iteration counter k, that here translates into computational cost Ccomp Or equivalently number of queries to
SZ0O or SFO, under different assumptions. Regarding the underlying network, references [9]], [10] consider static
networks, while the works [11]-[13]] consider deterministic time-varying networks. They all consider first order
optimization.

References [9]], [10] consider distributed first order strongly convex optimization for static networks, assuming that
the data distributions that underlie each node’s local cost function are equal (reference [9] considers empirical
risks while reference [10] considers risk functions in the form of expectation); this essentially corresponds to
each nodes’ local function having the same minimizer. References [11]-[[13]] consider deterministically varying
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networks, assuming that the “union graph” over finite windows of iterations is connected. The papers [9]-[12]
assume undirected networks, while [13]] allows for directed networks and assumes a bounded support for the
gradient noise. The works [9]], [[11]-[|13]] allow the local costs to be non-smooth, while [10] assumes smooth costs,
as we do here. With respect to these works, we consider random networks (that are undirected and connected on
average), smooth costs, and allow the noise to have unbounded support. The authors of [14] propose a distributed
zeroth optimization algorithm for non-convex minimization with a static graph, where a random directions-random
smoothing approach was employed.

For the second class of works, distributed optimization over random networks has been studied in [[15]-[17].

References [15]], [[16]] consider non-differentiable convex costs, first order methods, and no (sub)gradient noise,



while reference [17] considers differentiable costs with Lipschitz continuous and bounded gradients, first order
methods, and it also does not allow for gradient noise, i.e., it considers methods with exact (deterministic) gradients.
Reference [18]] considers distributed stochastic first order methods and establishes the method’s O(1/k) convergence
rate. References [[19] considers a zeroth order distributed stochastic approximation method, which queries the SZO
2d times at each iteration where d is the dimension of the optimizer and establishes the method’s O(1/k'/?)
convergence rate in terms of the number of iterations under first order smoothness.

In summary, each of the references in the two classes above is not primarily concerned with studying communication
rates of distributed stochastic methods. Prior work achieves order-optimal rates in terms of computational cost (that
translates here into the number of iterations k), both for the zeroth order, e.g., [19], and for the first order, e.g.,
[18], distributed strongly convex optimizationn contrast, we establish here communication rates as well. This
paper and our prior works [19]], [20] distinguish further from other works on distributed zeroth order optimization,
e.g., [14], [21], in that, not only the gradient is approximated through function values due to the absence of
first order information, but also the function values themselves are subject to noise. Reference [20]] considers
a communication efficient zeroth order approximation scheme, where the convergence rate is established to be
O(1/k'/?) and the MSE-communication is improved to O(1/(Ceomm)?/?~¢). In contrast to [20], with additional
smoothness assumptions we improve the convergence rate to O(1/ K2/ 3) and the MSE-communication is further
improved to O(1/(Ceomm)®*~¢).

Finally, we review the class of works that are concerned with designing distributed methods that achieve commu-
nication efficiency, e.g., [2]], [22]-[27]. In [26], a data censoring method is employed in the context of distributed
least squares estimation to reduce computational and communication costs. However, the communication savings
in [26] are a constant proportion with respect to a method which utilizes all communications at all times, thereby
not improving the order of the convergence rate. References [22]—[24] also consider a different setup than we
do here, namely they study distributed optimization where the data is available a priori (i.e., it is not streamed).
This corresponds to an intrinsically different setting with respect to the one studied here, where actually geometric
MSE convergence rates are attainable with stochastic-type methods, e.g., [28]. In terms of the strategy to save
communications, references [22]—[25] consider, respectively, deterministically increasingly sparse communication,
an adaptive communication scheme, and selective activation of agents. These strategies are different from ours;
we utilize randomized, increasingly sparse communications in general. In references [2], [27], we study distributed
estimation problems and develop communication-efficient distributed estimators. The problems studied in [2], [27]
have a major difference with respect to the current paper in that, in [2f], [27]], the assumed setting yields individual
nodes’ local gradients to evaluate to zero at the global solution. In contrast, the model assumed here does not
feature such property, and hence it is more challenging.

Finally, we comment on the recent paper [25] that develops communication-efficient distributed methods for both

non-stochastic and stochastic distributed first order optimization, both in the presence and in the absence of the

2The works in the first two classes above utilize a non-diminishing amount of communications across iterations, and hence they achieve at

best the O(1/(Ceomm)) (first order optimization) and O(1/(Ceomm)'/2) communication rates.



strong convexity assumption. For the stochastic, strongly convex first order optimization, [25]] shows that the method
therein gets e-close to the solution in O(1/+/€) communications and with an O(1/¢) computational cost. The current
paper has several differences with respect to [25]]. First, reference [25] does not study zeroth order optimization.
Second, this work assumes for the gradient noise to be independent of the algorithm iterates. This is a strong
assumption that may be not satisfied, e.g., with many machine learning applications. Third, while we assume here
twice differentiable costs, this assumption is not imposed in [25]]. Finally, the method in [25] is considerably more
complex than the one proposed here, with two layers of iterations (inner and outer iterations). In particular, the inner
iterations involve solving an exact minimization problem which necessarily points to the usage of an off-the-shelf
solver, the computation cost of which is not factored into the computation cost in [25].

Paper organization. The next paragraph introduces notation. Section [2] describes the model and the proposed
algorithms for zeroth and first order distributed stochastic optimization. Section [3] states our convergence rates
results for the two methods. Sections [5] and [6] provide proofs for the zeroth and first order methods, respectively.
Section [] demonstrates communication efficiency of the proposed methods through numerical examples. Finally,
we conclude in Section [71

Notation. We denote by R the set of real numbers and by R™ the m-dimensional Euclidean real coordinate space.
We use normal lower-case letters for scalars, lower case boldface letters for vectors, and upper case boldface letters
for matrices. Further, we denote by: A;; the entry in the i-th row and j-th column of a matrix A; AT the transpose
of a matrix A; ® the Kronecker product of matrices; I, 0, and 1, respectively, the identity matrix, the zero matrix,
and the column vector with unit entries; J the N x N matrix J := (1/N)117. When necessary, we indicate the
matrix or vector dimension as a subscript. Next, A > 0 (A > 0) means that the symmetric matrix A is positive

definite (respectively, positive semi-definite). For a set X,

X| denotes the cardinality of set X'. We denote by:
[I-1l =1l - ]2 the Euclidean (respectively, induced) norm of its vector (respectively, matrix) argument; A;(-), the i-th
smallest eigenvalue of its matrix argument; VA(w) and V2h(w) the gradient and Hessian, respectively, evaluated
at w of a function h : R™ — R, m > 1; P(A) and E[u] the probability of an event .A and expectation of a random
variable u, respectively. By e; we denote the j-th column of the identity matrix I where the dimension is made clear

from the context. Finally, for two positive sequences 7, and X, we have: 1, = O(x,) if limsup,,_, Z—" < 00.

2. MODEL AND THE PROPOSED ALGORITHMS

The network of N agents in our setup collaboratively aim to solve the following unconstrained problem:

N
min Y~ f;(x), (1)
i=1

where f; : R? — R is a strongly convex function available to node i, i = 1,..., N. We make the following

assumption on the functions f;():

Assumption 1. For all i = 1,..., N, function f; : R? i R is twice continuously differentiable with Lipschitz

continuous gradients. In particular, there exist constants L, 1 > 0 such that for all x € R9,

pI=<Vfi(x) <LL



From Assumption [I| we have that each f;, i = 1,--- | N, is u-strongly convex. Using standard properties of strongly

convex functions, we have for any x,y € R4:
Fiy) 2 fi0) + VG (v = %) + Ellx -y,
IV fi(x) = VL) < Lix =yl
We also have that from assumption [I] the optimization problem in (I)) has a unique solution, which we denote by

x* € R% Throughout the paper, we use the sum function which is defined as f : RY — R, f(x) = Zfil fi(x). We
consider distributed stochastic gradient methods to solve (I)). That is, we study algorithms of the following form:

xi(k+1) =xi(k) = Y 7i5(k) (xi(k) — x;(k))
JEQ; (k)

— argi(xi(k)), ()

where the weight assigned to an incoming message ~; j(k) and the neighborhood of an agent ©; (k) are determined

by the specific instance of the designated communication protocol. The approximated gradient g;(x;(k)) is specific
to the optimization, i.e., whether it is a zeroth order optimization or a first order optimization scheme. Technically
speaking, as we will see later, a zeroth order optimization scheme approximates the gradient as a biased estimate
of the gradient while a first order optimization scheme approximates the gradient as an unbiased estimate of the
gradient. The variation in the gradient approximation across first order and zeroth order methods can be attributed
to the fact that the oracles from which the agents query for information pertaining to the loss function differ. For
instance, in the case of the zeroth order optimization, the agents query a stochastic zeroth order oracle (SZ0) and
in turn receive noisy function values (unbiased estimates) for the queried point. However, in the case of first order
optimization, the agents query a stochastic first order oracle (SF Q) and receive unbiased estimates of the gradient.
In subsequent sections, we will explore the gradient approximations in greater detail. Before stating the algorithms,
we first discuss the communication scheme. Specifically, we adopt the following model.

1) Communication Scheme: The inter-node communication network to which the information exchange between
nodes conforms to is modeled as an undirected simple connected graph G = (V, E), with V' = [1--- N] and E denot-
ing the set of nodes and communication links. The neighborhood of node n is given by 0, = {l € V| (n,l) € E}.
The node n has degree d,, = |€2,|. The structure of the graph is described by the N x N adjacency matrix,
A =AT =[A,], Ay = 1, if (nl) € E, A,; = 0, otherwise. The graph Laplacian R = D — A is
positive semidefinite, with eigenvalues ordered as 0 = A\;(R) < A(R) < .-+ < Ay(R), where D is given

by D = diag (d; - - - dx'). We make the following assumption on R.

Assumption 2. The inter-agent communication graph is connected on average, i.e., R is connected. In other words,

Ao (ﬁ) > 0.

Thus, R corresponds to the maximal graph, i.e., the graph of all allowable communications. We now describe our
randomized communication protocol that selects a (random) subset of the allowable links at each time instant for

information exchange.



For each node i, at every time k, we introduce a binary random variable v; j,, where

pr  with probability (i
Yig = 3)
0 otherwise,
where ; ;;’s are independent both across time and the nodes, i.e., across k and ¢ respectively. The random variable
;.1 abstracts out the decision of the node ¢ at time k& whether to participate in the neighborhood information

exchange or not. We specifically take p; and (j of the form

_ ) _ Co
P = (k+1)</2° Gk = (k+1)(r/2=e/2)” )

where 0 < 7 < % and 0 < € < 7. Furthermore, define 5 to be

_ 2 Po
Br = (Pka) = W7 ©)

where By = p2¢2. With the above development in place, we define the random time-varying Laplacian R(k),

where R (k) € RV*Y abstracts the inter-node information exchange as follows:

—Yi kP {i.jye B i#j
Ri;(k) =40 i#5{ij} ¢ E ©
Do Viktie 1=
The above communication protocol allows two nodes to communicate only when the link is established in a
bi-directional fashion and hence avoids directed graphs. The design of the communication protocol as depicted in
(3)-(6) not only decays the weight assigned to the links over time but also decays the probability of the existence
of a link. Such a design is consistent with frameworks where the agents have finite power and hence not only the

number of communications, but also, the quality of the communication decays over time. We have, for {i,j} € F
and i # j:

(Y] — — > o Bo
E[Ri;(k)] = — (prCk)” = —Bx = G+ 1)
2 2 2 P(Z),Bo
E [Ri,j (k)} = (Pk(k) = W @)
Thus, we have that, the variance of R, ;(k) is given by,
2 2
Var (Ry (k) = — Do 5 8)

b+ 1) (k12

Define, the mean of the random time-varying Laplacian sequence {R(k)} as Rj, = E[R(k)] and R(k) =
R(k) — Ry, Note that, E [ﬁ(k)} ~ 0, and
. 2 . 4N250p2 4N2ﬁ2
< 2 2 _ 0 0
£ {HR('“)H } <AN'E [RE, (5] iD= iz 2
where ||-|| denotes the Lo norm. The above equation follows by relating the £ and Frobenius norms.
We also have that, R;, = 8;R, where

-1 {i,jeE,i#j
Ri;=10 #5460} ¢ B (10)
— >R i=3.
Technically speaking, the communication graph at each time % encapsulated as R(k) need not be connected at all

times, although the graph of allowable links G is connected.. In fact, at any given time k, only a few of the possible



links could be active. However, since R; = iR, we note that, by Assumption the instantaneous Laplacian
R (k) is connected on average.The connectedness in average basically ensures that over time, the information from
each agent in the graph reaches other agents over time in a symmetric fashion and thus ensuring information flow,
while providing the leeway for the instantaneous communication graphs at different times to be not connected.

We employ a primal algorithm for solving the optimization problem in (I)). In particular, the update in (Z)) can then

be written in a vector form as follows:

x(k+1) = Wix(k) — arG(x(k)), (11)

where x(k) = [x] (k) ,xk (k)] € RV, F(x) = XN | filxi)ox = [x] -+ ,xk] | € RY:, G(x(k)) = [&] (xi(k)), - --

and W, = (I — R(k)) ® I,. We state an assumption on the weight sequences before proceeding further.

Assumption 3. The weight sequence «y, is given by «g/(k + 1), where g > 1/pu. For the sequence pj, as defined
in @), it is chosen in such a way that,
4N?

2
< —.
Po = * (R)

(12)

In the following sections, we propose two different approaches to solve the optimization problem in (). The
first approach involves zeroth order optimization, while the second approach involves a first order optimization. We

first study the zeroth order approach to the problem in (IJ.

A. Zeroth Order Optimization

We employ a random directions stochastic approximation (RDSA) type method from [29] adapted to our distributed
setup to solve (). Each node 4, ¢ = 1, ..., N, in our setup maintains a local copy of its local estimate of the optimizer
x;(k) € R? at all times. In addition to the smoothness assumption in El, we define additional smoothness assumptions

in the context of zeroth order optimization.

Assumption Al. For all i = 1,..., N, the functions f; : R? — R have their Hessian to be M-Lipschitz, i.e.,
IV fi(x) = V2 faw)ll < M |lx = |, ¥i =1,--- , N.

In order to carry out the optimization, each agent ¢ makes queries to the SZQO at time k, from which the agent

obtains noisy function values of f;(x;(k)). Denote the noisy value of f;(-) as ﬁ() where,
Filxi(k)) = fulxi(k)) + i (k; xi (K)), (13)

where the first argument in v;(k;x;(k)) is the iteration number, and the second argument is the point at which
the SZO oracle is queried. The properties of the noise v;(k;x;(k)) are discussed further ahead. Typically due to
the unavailability of the analytic form of the functionals in zeroth order methods, the gradient cannot be explicitly
evaluated and hence, we resort to a gradient approximation. In order to approximate the gradient, each agent makes
three calls to the stochastic zeroth order oracle. For instance, agent 7 queries for f;(x;(k)+ckzi k), fi(xi(k)+crzir/2)
and f;(x;(k)) at time k and obtains f;(x;(k) + cxzi x). fi(xi(k) + cxzi/2) and ﬁ(xl(k‘)) respectively, where ¢y, is a
carefully chosen time-decaying constant and z; j is a random vector (to be specified soon) such that zi7kzzk} =
Iy.
Denote by g;(x;(k)) the approximated gradient which is given by:

& (xi(k) = 28 (xu(k), 5 ) - & (xi(h), i)

8" (xn (k)]



_ Afi (xi(k) + %Lz i) — Afi (xi(k))

Ck

Zi,k

fixilk) + ezin) — i (i), (14)
Ck -

where g; (-,-) represents a first order finite difference operation and 61,02 € [0,1]. Note that, the gradient
approximation derived in (I4) involves the noise in the retrieved function value from the SZQ differently from other
RDSA approaches such as in [21]], [29]]. The finite difference technique used in (14) resembles, the twicing trick
commonly used in Kernel density estimation which is employed so as to reduce bias and approximately eliminate
the effect of the second degree term from the bias. It is also to be noted that the number of queries made to the

SZO at every gradient approximation is 3. Thus, we can write,

gi(xi(k)) = Vfi (xi(k)) + E g (x: (k)| Fr] — Vfi (xi(k))

ckbi(xi(k))
i) — Eg ()| 7] + 2z (15)
h;(xi(k))
where
g ) < S o) 400
_ fila(k) + Ckz(;k) —fi (Xi(k))zi,k, (16)

’Ul(k’,xz(k‘)) =4 (]/‘Z (Xl(k:) + %@Zi?k) — fz (x,(k) + %Zi,k))
= 3(fi(xi(k)) — fixi(R))) = (Fi (xi(k) + cxzie)
— fi (xi(k) + crzir)), (17)

and, F denotes the history of the proposed algorithm up to time k. Given that the sources of randomness in
our algorithm are the noise sequence {v(k;x(k))}, the random network sequence {R(k)} and the random vectors
for directional derivatives {z}, F is given by the o-algebra generated by the collection of random variables
{R(s), v(k;x(k)), zis},i=1,...N, s=0,....k — L.

In general, the higher order smoothness imposed by Assumption [3] allows us to use a higher order finite difference
approximation for estimating the gradient. Due to assumption [3] the bias in the gradient estimate by employing
a second order finite difference approximation of the gradient is of the order O(c?). Instead, a first order finite
difference approximation of the gradient would have yielded a bias of O(cg). More generally, an assumption
involving p-th order smoothness of the loss functions would have enabled usage of a p-th degree finite difference

approximation of the gradient thus leading to a bias of O(c}).

Assumption A2. The z;;’s are drawn from a distribution P such that E [z; 2z, ;] = L4, s1(P) = E [||z;.x||*] and

s2(P) =E [||zi1]|°] are finite.

We provide two examples of two such distributions. If z; ;,’s are drawn from A(0,1;), then E [||z; ,||*] = d(d + 2)
and E [Hzi’kHG} = d(d + 2)(d + 4). If z;;’s are drawn uniformly from the l>-ball of radius Vd, then we have,
|z k|l = Vd, E[|lzix]*] = d* and E [||z:x]*] = @°. For the rest of the paper, we assume that z; ’s are sampled

from a normal distribution with E [z; 2, ;| = I or uniformly from the surface of the l>-ball of radius V.



Remark 2.1. The RDSA scheme (see, for example [29|]) used here is similar to the simultaneous perturbation
stochastic approximation scheme (SPSA) as proposed in [30]. In SPSA, each dimension i of the optimization iterate
is perturbed by a random variable A;. However, instead of RDSA where the directional derivative is taken along
the sampled vector z, the directional derivative in case of SPSA is along the direction [1/Ay,--- ,1/Ay] which
thus needs boundedness of the inverse moments of the random variable A;. The particular choice for A;’s is taken
to be the Bernoulli distribution with A;’s taking values 1 and —1 with probability 0.5. It is to be noted that at each
iteration, both RDSA and SPSA approximate the gradient by making two calls to the stochastic zeroth order oracle

as opposed to d calls in the case of Kiefer Wolfowitz Stochastic Approximation (KWSA) (see, [31|] for example).

For arbitrary deterministic initializations x;(0) € R?, i = 1,..., N, the optimizer update rule at node i and k =
0,1, ..., is given as follows:

xi(k+1) =x;(k) — E ik k (xi(k) — x;(k))
J€Q; (k)

— argi(xi(k)), (18)

where g;(-) is as defined in (I5). Comparing to the general update in (2)), the time-varying weight ; ;(k) at agent

1 to the incoming message from agent j is given by 9, j.

Remark 2.2. The main intuition behind the randomized activation albeit in a controlled manner for both the zeroth
order and first order optimization methods is the fact that in expectation both the updates exactly reduce to the

update where the communication graph between agents is realized by the expected Laplacian.

It is to be noted that unlike first order stochastic gradient methods, where the algorithm has access to unbiased
estimates of the gradient, the local gradient estimates g;;(-) used in (I8) are biased (see (I3)) due to the unavailability
of the exact gradient functions and their approximations using the zeroth order scheme in (14). The update is
carried on in all agents parallely in a synchronous fashion. The weight sequences {ay}, {cx} and {8} are given
by ar = ag/(k+ 1), cx = co/(k+1)° and B, = Bo/(k + 1)” respectively, where v, co, 3o > 0. We state an

assumption on the weight sequences before proceeding further.

Assumption A3. The sequence c; is given by:

1
s (P)(k+ 1)
where § > 0. The constant § > 0 is chosen in such a way that,

e 2
S % <o (20)

C
k=1 k

ok = 19)

The update in can be written as:
x(k+1) = Wix(k) — ar VF(x(k)) — arcib(x(k))
— agh(x(k)), 21

where b(x(k)) = [b] (x1(k)), -+ ,bk (xn(k))] " € R¥® and h(x(k)) = [h] (x1(k)), -, hk (xn (k)] € RN We

state an assumption on the measurement noises next.



Assumption A4. For each i = 1,..., N, the sequence of measurement noises {v;(k;x;(k))} satisfies for all & =
0,1,...:
E[vi(k; xi(k)) | Fr,2zi,k] = 0, almost surely (a.s.)

E[vi(k; x:(k)? | Fr, zik) < col|xi(K)|)* + o2, aus., (22)
where ¢, and o2 are nonnegative constants.

Assumption[A4]is standard in the analysis of stochastic optimization methods, e.g., [10]. It is stated in terms of noise
vi(k;x;(k)) in rather then directly in terms of the SZO noises in equation (T3)), for notational simplicity. An
equivalent statement can be made in terms of the noises in (I3). The assumption about the conditional independence
between the random directions z; j and the function noise v;(k;x;(k)) is mild. It merely formalizes the model that
we consider, namely that, given history Fj, drawing a random direction sample z; ;, and querying function values
from the SZ0O are performed in a statistically independent manner.
We remark that by Assumption [A4]
E [vi(k; xi (k)21 Fr] = E [2i xE [vi (k; %5 (F)) | Fr, 2i,k] | Fi]
= E[v,(k;x(k)) | Fx] = 0. (23)
and,
E [|Jvi(k; xi(k))zi k] | Fr]
= E [||zs.xl|* E [0 (k5 % (k)| Fies 2i.1] [Fi]
<E [llzik[*] (collxi(B)|* +07) (24)

where if z; ;’s are sampled from a normal distribution with E [zlkz;'—k] = I or uniformly from the surface of
the [>-ball of radius \/E, then we have,

E [|lv: (k; xi (k)zi e |* | Fi] < d (eollxi(R)|* +07) - (25)

B. First Order Optimization

Each node 4, i = 1,..., N, in the network maintains its own optimizer x;(k) € R? at each time step (iterations)
k =0,1,...,. Specifically, for arbitrary deterministic initial points x;(0) € R%, i = 1,..., N, the update rule at node

iand k= 0,1, ..., is as follows:
xi(k+1) = xi(k) = > Pirthjn (xi(k) — x;(k)) (26)

J€Q;
— o (Vilxi(k) + wi(k)).

In comparison to the generalized update in (2), the weights assigned to incoming messages is given by 7, ;(k) =
i k¥jk, while the approximated gradient is given by V f;(x;(k)) 4+ u;(k). The update is realized in a parallel
fashion at all nodes 4 = 1,..., N. First, each node 4, when activated, i.e., when v, ;, # 0, broadcasts x;(k) to all its

active neighbors j € ; which satisfy 1; , # 0 and receives x;(k) from all j € Q; which are active. Subsequently,



each node i, ¢ = 1,..., N makes update (26), which completes an iteration. Finally, u;(k) is noise in the calculation
of the f;’s gradient at iteration k. For k = 0, 1, ..., algorithm (26) can be compactly written as follows:

x(k+1) = Wix(k) — a (VF(x(k)) +u(k)), (27)

where x = [x], -+ ,x}] " € R¥ and u(k) = [u] (k),--- ,ul (k)] " € RN We make the following standard
assumption on the gradient noises. First, denote by Sy the history of algorithm @) up to time k; that is, Sy,
k = 1,2,..., is an increasing sequence of o-algebras, where Sj is the o-algebra generated by the collection of

random variables { R(s), u;(¢)},¢=1,....N,s=0,..,k—1,t=0,...,k— L
Assumption B2. For each i = 1,..., N, the sequence of noises {u;(k)} satisfies for all k = 0,1, ...:
E[u;(k)|Sk] = 0, almostsurely (a.s.) (28)

E[|u: (k)| | Sk ] cullxi(k)|* + 0%, as., (29)

IA

where ¢, is a nonnegative constant.

Communication Cost Define the communication cost Cj to be the expected per-node number of transmissions up
to iteration k, i.e.,

k—1
Cr,=E Zﬂ{node C transmits at s} | » (30)

s=0
where I 4 represents the indicator of event A. Note that the per-node communication cost in (30) is the same as the
network average of communication costs across all nodes, as the activation probabilities are homogeneous across
nodes. We now proceed to the main results pertaining to the proposed zeroth order and first order optimization

schemes.

3. CONVERGENCE RATES: STATEMENT OF MAIN RESULTS AND INTERPRETATIONS

In this section, we state the results for both the zeroth order and the first order optimization algorithms.

A. Main Results: Zeroth Order Optimization

We state the main result concerning the mean square error at each agent 7 next.

Theorem 3.1. 1) Consider the optimizer estimate sequence {x(k)} generated by the algorithm (18). Let assumptions
and hold. Then, for each node i’s optimizer estimate x;(k) and the solution x* of problem (1)), Vk > 0
there holds:

64NL? A1 000
VNG (R) AB( + 12272
16N M?d*(P)ch 8A1, 000

p2(k+ 1)1 M (R) B3c3(k +1)2-27-20

4Nag (dcvqoo(N7 d, a0, co) + dNO'l)
IRV

E [lxi(k) = x"I1"] < 2Mi +

+2Qk +

; €2y

o 2
where, A1 0 = 6dcugoo (N, d, a0, co)+6dNo? and goo (N, d, a0, co) = B [[[x(k2) — x°|[*]+4 1725 U2 | VN (P)Meaocy |

Ns2(P)M2adct | dad(2co NIx°P+No2) | a2c2VNsi (P)M||VF(x%)| | 2Nadcdsa(P) | 4adciNsi(P) _
16(1+45) + c2(1-24) + 1425 + 1445 + 1426 ||VF( )” » ez —max{ko,kl},

ko = inf{k|p?a? < 1} and k; = inf {k\ ‘/A‘Nsl(P)Mck + 2‘12%"’“ + 4akciN51(P)L2}, with My, and Qy, decaying
k




faster than the rest of the terms.
2) In particular, the rate of decay of the RHS of (B1)) is given by (k+1)7%1, where §; = min {1 — 26,2 — 27 — 25,46}
By, optimizing over T and §, we obtain that for T =1/2 and § = 1/6,
32NL2A o0
1A% (R) 3B3(k +1)2/3
16N M?d*(P)ch 8A1, 000
p?(k +1)2/3 A5 (ﬁ) ge(k+1)2/3
AN (devgoo (N, d, a0, c0) + dNo 1 )
+ ( > YE 1) 20(72)7 Vi.
peg(k + 1) k3

E [lxi(k) = x"I1Y] < 2Mi +

0 +2Qk +

3) The communication cost is given by,

th

and the MSE-communication rate is given by,
E[lxik) - x* I = 0 (¢, (32)

where ( can be arbitrarily small.

. The performance of the zeroth order optimization scheme depends explicitly on the connectivity of
32NL%A1 00l and 801,00

1223 (R)c2 B2 (k+1)0-5 A2(R)B2c2(k+1)0-5"

graphs which are well connected, i.e., have higher values of Ay (R) will have lower MSE as compared to a

the expected Laplacian through the terms In particular, communication
counterpart with lower values of A; (R).

If higher order smoothness assumptions are made, i.e., a p-th order smoothness assumption is made which is then
exploited by means of a p-th degree finite difference gradient approximation, then by repeating the same proof
arguments, the rate in terms of iteration count can be shown to improve to O (l(%) The improvement can be

. . . . 81\/I2d2(P)cé 4Noz0(dcvqoo(Ndao,co)+dN0'1)
attributed to a better bias-variance tradeoff as illustrated by the terms PEISS)E and (R

+¢
The corresponding MSE-communication rate improves to O (C Tt )

B. Main Results: First Order Optimization

We state the main result concerning the mean square error at each agent ¢ next.

Theorem 3.2. Consider algorithm [26) with step-sizes oy, = k"‘—_fl and By =
Further, let Assumptions [I3] and [B2] hold.

1) Then, for each node i’s solution estimate x;(k) and the solution x* of problem @), , Yk > 0 there holds:
32NL2A1 0003

12A3 (R) B3(k + 1)

(k_f%, where 3y > 0 and g > 2/ pu.

E [llxi(k) - x"|I°] < 2Mi +
4A1 ooa?)
M (R)BE+D

where, A1 0o = 2||[VF(x(k))||*+4cugoo (N, a0)+4No? and goo (N, ap) = E [lIx(k2) — x°||2}+%2a8 (2cuN [x°)|* + NoZ)+
4@57’;0”‘2, ka = max{ko, k1}, ko = inf{k|p’a} < 1} and ki = inf {k|£ > 2c.ax }, with My, and Qy, decaying faster

+2Qk + (33)



than the rest of the terms.

2) The communication cost is given by,

k
B3 6| =0 (k).
t=1
leading to the following MSE-communication rate:
_a
E[lxi(k) - x*|*] =0 (Ck 3*‘) : (34)

where ( can be arbitrarily small.

We remark that the condition «g > 2/p can be relaxed to require only a positive «, in which case the rate
becomes O(In(k)/k), instead of O(1/k). Also, to avoid large step-sizes at initial iterations for a large oy, step-size
oy can be modified to oy = g/ (k + ko), for arbitrary positive constant kg, and Theorem continues to hold.
Theorem establishes the O(1/k) MSE rate of convergence of algorithm (26); due to the assumed f;’s strong
convexity, the theorem also implies that E [f(x;(k)) — f(x*)] = O(1/k).

4. SIMULATIONS

In this section, we provide evaluations of the proposed algorithms on the Abalone dataset ( [|32]]). To be specific,
we consider /5-regularized empirical risk minimization for the Abalone dataset, where the regularization function is
given by ¥;(x) = 1||x||>. We consider a 10 node network for both the zeroth and first order optimization schemes.
The Abalone dataset has 4177 data points out of which 577 data points are kept aside as the test set and the other
3600 is divided equally among the 10 nodes resulting in each node having 360 data points. For the zeroth order
optimization, we compare the proposed undirected sequence of Laplacian constructions based optimization scheme
and the static Laplacian (Benchmark) based optimization schemes. The benchmark scheme is characterized by the
communication graph being static and thereby resulting agents connected through a link to exchange messages at
all times. The data points at each node are sampled without replacement in a contiguous manner. The vectors z; ;s
for evaluating directional derivatives were sampled from a normal distribution with identity covariance. Figure [I]
compares the test error for the three aforementioned schemes, where it can be clearly observed that the test error
is indistinguishable in terms of the number of iterations or equivalently in terms of the number of queries to the
stochastic zeroth oracle. Figure 2] demonstrates the superiority the proposed algorithm in terms of the test error versus
communication cost as compared to the benchmark as predicted by Theorem [3.1] For example, at the same relative
test error level, the proposed algorithm uses up to 3x less number of transmissions as compared to the benchmark
scheme. In Figure [3] the test error of the communication efficient first order optimization scheme is compared
with the test error of the benchmark scheme which refers to the optimization scheme with the communication
graph abstracted by a static Laplacian in terms of iterations or equivalently the number of queries per agent to
the stochastic first order oracle, i.e., gradient evaluations. Figure [4| demonstrates the superiority of the proposed
communication efficient first order optimization scheme in terms of the test error versus communication cost as

compared to the benchmark as predicted by Theorem [3.2] For example, at the same relative test error level, the

proposed algorithm uses up to 3x less number of transmissions as compared to the benchmark scheme.
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5. PROOF OF THE MAIN RESULT: ZEROTH ORDER OPTIMIZATION

The proof of the main result proceeds through three main steps. The first step involves establishing the bound-
edness of the iterate sequence, while the second step involves establishing the convergence rate of the optimizer
sequence at each agent to the network averaged optimizer sequence. The convergence of the network averaged
optimizer is then analyzed as the final step and in combination with the second step results in the establishment of

bounds on MSE of the optimizer sequence at each agent.

Lemma 5.1. Let the hypotheses of Theorem [3.1] hold. Then, we have,

o VF o\ |2
B [I(4) = x°I7] < 0ea (¥, s, o) + 4 TGO

+ VNsi(P)Magcd  Nsi(P)M?*adc}

85 16(1 + 40)
N dag (2¢oN [Ix°]|% + No?) n adciV/Nsi(P)L||VF(x°))|
(1 — 26) 1420
24 2 2
Nageps2(P) | 4agegNsi(P) |VF (x°)||2
1+46 1+20

= qOO(Na d7 Oé(),CO)7

where E [||x(k2) — XO||2} < iy (N, d, o, o), k2 = max{ko, k1}, ko = inf{k|p’ai < 1} and k1 = inf {k|% > @&(P)Mci + Qdcpi”ﬁk + 40
"k

Proof.
x(k+ 1) = Wix(k)
= 5 (e VF(e(R)) + chb(x(k) + ceh(x(k)) )
Denote x° = 1y ® z*. Then, we have,
x(k+1) — x° = Wi(x(k) — x°)

—ai (VF(x(k)) — VF(x°))



— axh(x(k)) — ax VF(x°) — arcrb(x(k)).
Moreover, note that, E [h(x(k)) | Fix] = 0. By Leibnitz rule, we have,

VFE(x(k)) — VF(x°)
= { V2F (x° 4 s(x(k) — x°)) ds| (x(k) — x°)

s=0

= H; (x(k) — x°).

By Lipschitz continuity of the gradients and strong convexity of f(-), we have that LI = Hy, =

¢(k) = x(k) —x° and by &(k) = (W — apHy) (x(k) — x°) — oy, VF(x°). Then, there holds:
E[I¢(k + DI* | Fi] < E [IIER)II*|Fr]
~ 20k E [€(0) T 7 | E[B(() | Fi] + afed B [Ih(x()II” | Fi ]
+aicib (x(k))b(x(k)) — 2akceb” (x(k))E [€(k)|Fi]
+b (x(k)) " E h(x(k))|Fi]

We use the following inequalities:

crb(xi(k))

1-6
= %“IE |:<Zi,k,v2fi (Xz(k) + ( D) l)ckzi’k> Zi’k>Zi’k‘}—k}

- %E [(Zik, V2 fi (xi(k) 4+ (1 — 02) cxzi ) Zi k) Zi k| T ]

= e [b(xi(k))]| < S Ms(P).

— b (x(k))E [£(k)|F]
= —2b" (x(k)) (1— BxR — axHy) (x(k) — x)
+ 2aib " (x(k))VF(x°)
<2|[[b(x(k)[| T - BrR — arHyl| x(k) — x°|

+ 20 [[b(x(K)) | [|[VF(x°) |

< PN ()M (1 = ) (1+ () = x7]°)
+ e ¥ s (P)M [ VFRE))|
< \Zﬁsl(P)Mck + @sl(P)Mc;C [|x(k) — x°||?

N 0
N akckgsl(P)M IVFE)],

E[[h(x(k))I|* | Fi] = E [[|va(k; x(k))|* | F]

+E [lg(x(k)) ~EEx(K) | Fulll* | Fe] ,

(36)

(37

uI. Denote by

(38)

(39)

(40)

(41)

(42)



E [lg(x(k) — E[g(x(k)) | Fill* | Fi]
<E[lgx®)I* | ]

< 4Nsi(P)L? ||x(k) — x°||> + 4Ns1(P) | VF (x°)||*> 4+ 2N czs2( P),

E [|lva(k;x (k)| |Fi] < dew |x(K)|* + dNo

< 2dey [x(k) = x°|* + (2dey |57 + No?) .

Then from (38), we have,

E[[I¢(k+ D)II* | F] < E [€(K))1?|Fx]
VN dai
4 G

2
dak

s1(P)YMayckl|¢(k)|* +2

+ e[S (R)|?

4

) VN
+ 52 (zcu Ix°|1% + Naﬁ) + Y (P)Magc?
k

N -
16

+4aici Nsi (P)L?(|C(R)|I* + 4aici Nsi (P) | VE (x7) |

+ 2Najcisa(P).

We next bound E [[|&(k)||?| Fi |. Note that [[W — oy, Hg|| < 1 — pay. Therefore, we have:

1€ < (1= o) [CR) + e [VE)]-

We now use the following inequality:

(a+b)°<(1+0)a®+ <1+%> b,

VN 0
+ —sl(P)M2aicé —l—aiciT&(P)M ||VF(X )H

(43)

(44)

(45)

(46)

(47)

for any a,b € R and 6 > 0. We set § = pay. Using the inequality @7) in @6) and we have Vk > ko, where

ko = inf{k|p?ai < 1}:

E (€07 1Fe] < (1 + paw) (1 = arp)* ()|

1 o
+ (1 + 7) aiHVF(x )||2
o

< (1— awp) [C(R)1? + 2%||VF<><“>||2.

Using (@8) in @3), we have for all k > ko
E[[I¢(k + 1)II* | Fi ]

VN da?
< <1 —arp+ Tsl(P)Makci + ZC—{CU

+aick Ns1(P)L?) x || (k)|

VN

d 2
Ok 1 s1(P)Lagc;,

+ S5 (200 Ix°I7 + No?) +
Ck

(48)



N o
+ Esf(P)MQaici + Q%HVF(X )% + 2NaZcisa(P)

N o o
+ it sy (P V()| + dad et Ny (P) [V F ()] (49)

Define k; as follows:

VN
4

s1(P)Mci + Qngak + 4akciNsl(P)L2} .
o

ky :mf{k% >

It is to be noted that k; is necessarily finite as ¢, — 0 and ozkc,;2 — 0 as kK — oco. We proceed by using the

following auxiliary lemma.

Lemma 5.2. Let ar € (0,1), u < 0 and di, > 0, for all k > 1. If qi, > 0 and for all k > ko there holds

gr+1 < (1 — ag)qr + aru + dg, then, for all k > ko,

k

Gt < Gro Hu+ Y dr (50)
=g

Proof: Introduce p(k,l) = (1 —ag)--- (1 — a;), for { < k and also p(k,k + 1) = 1. It is easy to see that, for
every k > ko, qr+1 < p(k, ko)qr, + ”Zf:ko p(k, 1+ 1)a; + Zf:ko p(k,l + 1)d;. Note now that p(k,l + 1)a; =
p(k,1+1) —p(k,1), and hence Zf:ko p(k, 14+ 1)a; =1 —p(k, ko) < 1. Using the latter together with the fact that

p(k,l+ 1) <1 proves the claim of the lemma. [ |
Applying Lemma 5.2/ to g, = E [[[{(k)[]?], ar = 5%, u = 4%, and dj, defined as the remaining term
in (@9) we have, Vk > max {ko, k1} = ko,

VF(x°)|?

E [”C(k + 1)”2] < @y (N, d, a0, co) + 4%
n VNsi(PYMaocl =~ Nsi(P)M?a3c)

89 16(1 + 46)
N dad (2¢oN ||x°||> + No2)  adc2V/Nsi1(P)L|VF(x°)|

(1 —26) 1+ 25

2Na2casa (P 4022 Ns1(P °
10+04(25( ) 010+ 2(13( ) ||VF (x )”2

= qOO(Nv d: CV(),C()), (51)

O

From (5I)), we have that E {Hx(k +1)— XOHz} is finite and bounded from above, where E [||x(k2) - XOHQ} <
Gk, (N, d, g, ¢p). From the boundedness of E {Hx(kz) - x0||2} , we have also established the boundedness of E [||VF(x(k:)) ||2}
and E [||x(k)||2].
With the above development in place, we can bound the variance of the noise process {v,(k;x(k))} as follows:
E [|Iva(k; x(k))[|* |Fi] < 2dcvgoe(N, d, a0, o)
+2Nd (Uz + ||x*|\2) . (52)
N

2
91

We also have the following bound:

E [lg(x(k) — E[g(x(k)) | Fill* | Fi]



< 4ANs1(P)L*qoo (N, d, a0, co) + 4Ns1 (P) |[VF (x°)||> + 2N cisa(P).

We now study the disagreement of the optimizer sequence {x;(k)} at a node ¢ with respect to the (hypothetically
available) network averaged optimizer sequence, i.e., X(k) = Zfil x; (k). Define the disagreement at the i-th
node as X;(k) = x;(k) — X(k). The vectorized version of the disagreements X;(k), ¢ = 1,--- , N, can then be
written as X(k) = (I—J)x(k), where J = & (1y ® 1) (1y ® L) = +1n1§ ® I;. We have the following

Lemma:

Lemma 5.3. Let the hypotheses of Theorem [3.1| hold. Then, we have

4A1,OOO(8
A2 (R) B2c2(k + 1)2-27—2

E[I%(k + D] < Qx +

1
=0 <k2—25—27> )

where Qy, is a term which decays faster than (k + 1)=2+27+20,

Lemma [5.3] plays a crucial role in providing a tight bound for the bias in the gradient estimates according to which

the global average X(k) evolves.
Proof. The process {X(k)} follows the recursion:

%(k+1) = Wix(k)

- %: (I—J) (exVF(x(k)) + cxh(x(k)) + ¢ib (x(K))), (53)
where \NNk = W, — J. Then, we have,
ek + D1 < [Wis(m)]| + 2wk (54)

Using in (33), we have,

[k + I < (14 6) W)

1 2
+ (1 + 97) %2: 1% (k)12 . (55)

__ 2
We, now bound the term E U’Wki(k)H |]-"k]

E U‘W(k)i(k)”z |fk} =% (k)E [WQ(k) - J\fk] (k)
=% (k) (1 — 23R+ AR + R(k)? — J) %(k)

< (1-28x2 (R) + BiAY (R)
4N250p(2) 2 72 = 2
+W — 48N ) %)l
— . AN?Bopd \ =
< (1 - 282 (R) + #) % (k)|*

< (1= BrAe (R)) IIX(R)I7, (56)



where the last inequality follows from assumption @ Then, we have,
E [II%(k + 1)1 [Fx] < (14 6k) (1 - Beda (R)) IX(k)||°

+ (144 ) L v ). .

where

E [[[w(k)[* |Fi] < 3¢k [VF(x(R)I* + 3 E [[[h(x(k))]|* [ F]

+ 3¢k [[b (x(k))[I*

< 3 [ VFGe(R) | + s et Nst(P)M?

+ 6dcugoo (N, d, a0, co) + 6dN o7 4+ 6Ny sa(P)

+ 12¢i Ns1(P)L?qoo (N, d, a0, co) + 12¢i Ns1(P) | VF (x°)||?

= E [|w(k)|*] <3 (2decy + i L?(1 + 4Ns1(P)))

X oo (N, d, ag, co)

+ %ciNsl( YM? 4+ 6Ncjsa2(P)

+ 6dNo; +12¢;Nsi(P) | VF (x°)|?

= At + D200 = Ay

= E [[w(k)]?] < oo, (58)
where A1 o = 6dcyqos (N, d, a0, co) +6dNo7 and i Az oo = 2cx NsT(P)M? +3ci L*(1+4Ns1(P))qoo (N, d, o, co) +
12¢2Ns1(P) |VF (x°)||* + 6Ncts2(P). With the above development in place, we then have,

IE[II>~<(1€+1)II2} < (L+6x) (1= Brrz (R)) 1% (R)|I®

1+ — aiA (59)
Gk Ci k-

In particular, we choose 6(k) = ’%’“)\2 (ﬁ) From (39), we have,

E {50+ D] < (1 e, (ﬁ)) E (%00

+
< PG )
202 ol
1-— —)\ ]E 77A + = Ag. 60
( 2 ) LIk Az (R) ¢ Br gt ©0
For ease of analysis, define s(k) = Bz ( ) We proceed by using the following technical lemma.

Lemma 5.4. If for all k > kg there holds

1
i1 < (1 —sp)qr + (1 + Sk) brd, (61)

where qi, > 0, s € (0,1), d, by, > 0 are monotonously decreasing, then, for any k > m(k) > ko

m(k)—1
vk _ vk s 1
Qg1 < € R0 gy o+ dyge” i=m E (14—*) by
st
I=ko

sp+1
+ i (k) b () 5 -

(62)



Proof: Similarly as before, define p(k,l) = (1 —sg)--- (1 —s;) for ko <1 <k, and let also p(k,k+ 1) = 1.
Recall that p(k,! + 1)s; can be expressed as p(k,l + 1)s; = p(k,l + 1) — p(k,1). Then, we have:

k
1
qr+1 < p(k, ko)gr, + Z p(k,1) <1 + ;lbzdz) (63)

1=k

< p(k, ko)qr, + diop(k, m(k)) Z (1 + Sll) b

I=kg

k
sp+1
+ bm<k>dm<k)k572 > (p(k, 1+ 1) = p(k, 1)),
ko m(k)
where we break the sum in (63) at I = m(k), and use the fact that p (k, m(k) — 1) > p(k, 1) for every I < m(k)—1,
together with the fact that 1/s; < 1/sy, for every | < k. Finally, noting that, for every | < k, p(k,l) < e~ 1S,

and also recalling that an(k) (p(k,l+ 1) — p(k,1)) <1, proves the claim of the lemma. [ |
Applying the preceding lemma to ¢, = E [Hi(k)”ﬂ, di = Ay, by = Z‘—;, and si = %’“/\2 (R) we have,
k

E [[I%(k + 1)[|"]

SeXp< gs >]E 0)[1%]

k L) 20} o
+ Apexp | — s(m — =t 4
0 Z (m) <)\2 (R) 28 c?

ta

4A k—l a% 2A Bo1 a%
+ _ L1751 i LEZL) ‘ o
A3 (R) Boco(k +1)2-27-26 Xy (R) Bocd(k + 1)2- 720
t3 A

In the above proof, the splitting in the interval [0, k] was done at L L | for ease of book keeping. The division can
be done at an arbitrary point. It is to be noted that the sequence {s(k )} is not summable and hence terms ¢; and ¢,

decay faster than (k + 1)2*27*25. Also, note that term ¢4 decays faster than t3. Furthermore, t3 can be written as

2
4AL Qo 4A1 ooa(z)

J =
( )500(2)( + )2 27—26 ( )Boco(k+1)2 27—26

t31

2 2
4CL ko1 A2 ot
2

8 (R) Fed( + D2 2 25

t32

from which we have that ¢35 decays faster than t3;. For notational ease, henceforth we refer to t1+to+t32+t4 = Qx,

while keeping in mind that @, decays faster than (k 4 1)2727=29, Hence, we have the disagreement given by,

E [II%(k + 1)|2] = O (ﬁ) .

We now proceed to the proof of Theorem n Denote X(k) = & >, _, x;(k). Then, we have,

X(k+1) =x(k)



b (x(k))
+5 g i (x (k)
h(x(k))
= (k +1) = %(k) - “— (B(x(k)) +B (x(k)))
- ok ZW Vfi (xX(k)) + V fi (x(k))} : (65)
Recall that f(-) = Zf;l fi(+). Then, we have,
%(k+1) = %(k) — %: (h(x(K)) + b (x(k)))
) -~ (xi(k

- NV ER) - ;wz- ) = Vi (x(k ))]
k

= %(k+1) = x(k) — J\O;Tk [erV f (X(K)) + e(k)], (66)
where
e(k) = NR(x(k))
+Nb (x +ckZ (Vfi(x Vi (X(k))) .- (67)

e(k)
Note that, ¢, ||V fi (xi(k)) = V fi (%(k))|| < exLL [|xi(k) — (k)| = cxL [%i(k)]|. We also have that, [[b (x(k))|| <

Msl(P)ci. Thus, we can conclude that, Vk > ks
N
e(k) = ck Z (Vi (xi(k)) = Vfi (x(k))) + Nb (x(k))

- N
= [le(®)|I* < 2NL*c; |%(k)[|* + §M2d2(P)02

E ()] < SNL*A; 00 NM?d*(P)c§
= N (R) Ak + )z | Skt 1)
AINL2Qrc
e ©68)
With the above development in place, we rewrite (66) as follows:
Qg _
X(k+1) =%(k) = 17 Vf (x(k)) = ch e(k) — Eh( x(k))
=Xk+1) —x" =x(k) —x" *W Vf&(k)—Vf(")
=0

— —e(k) = “Eh(x(k)). (69)

]\fck Ck

By Leibnitz rule, we have,

Vf(X(k) = Vf(x")



=[1;vv@a+dﬂm—f»wyﬂm—xw, (70)

where it is to be noted that NL = Hy, 3= Ny. Using (70) in (69), we have,

&k +1) —x*) = [1 - %ﬁk} x(k) — x*)

(0973 O —
~ Ne k) = _EB(x(R)). (71)

Denote by m(k) = [I— %H;| (x(k) — x*) — ~e-€(k) and note that m(k) is conditionally independent from

h(x(k)) given the history . Then (7T)) can be rewritten as:

X(k+1) - x*) = m(k) — Eh(x(k))

Ck

= [[%(k +1) = x"||* < |m(k)||* - 2%:m(k)TH(X(k))
2 —
+ o [Bex)]” (72)
Using the properties of conditional expectation and noting that E [h(x(k))|F%] = 0, we have,
E =k + 1) =7 17 < Im(b)] + % [[Ree(i)|* 7]
k

= E[I%(k+1) = x"[°] <E [Ilm®)[*] + 2Naicis2(P)

+ 205% (dcquO(Na d7 a0700) + dNU%)

2
Ck

+ 407 Ns1(P)L?qoo (N, d, g, o) + 40z Ns1(P) |[VF (x°)]°. (73)

For notational simplicity, we denote a20? = 2N a2c2sy(P)+402 N s1 (P)L2qoo (N, d, ag, co)+4a2 Nsy (P) |V F (x°)]|.
Using (@7), we have for m(k),

(k)P < 1+ 00) [T~ SEFL| k) - x|

(14 ) wa el

2
o _ *12
< — —
<1400 (1= 220) x) - x|

1
s (14 ) pr et 74

On choosing 6, = £2%, where ag > % we have,

kot
B [Im(F] < (1- 2% ) B [l - <]

16L%A1,00Nad AMPNd*(P)cioy . ALPNQp
A3 ( ) coB5(k +1)3-27=2 p(k + 1)1H4e p(k +1)

— * 112 j2ie%s] — ®12

— < — —

= E [II%(k +1) - x ||]_(1 k+1)IE[||x(k) x“|I°]
16NL2A; soad ANM?d*(P)cioy . ANL?Qp
X3 (R) cgB5 (k +1)3-27-2 p(k + 1)1+40 u(k+1)

+ 20‘% (dcvqoo(Nv dc;OCO» CO) + dNU%) + aiaz
k

=8 [l + 1) - x°1]) < (1= 29 ) B [Ixe) - 71



16NL2A1 soad
% () i+ )77
4M2Nd2(P)cooc0 n 202 (dcuqoo(N, d, a0, co) + chff)
pu(k + 1)1+40 Z(k+1)2-2

+ P, (75)

ANL2Q, + agaﬁ
MCZSYRRC=SIE

E [|=(k+ 1) - x"|]

decays faster as compared to the other terms. Proceeding as in (64), we have

where P, =

k
< exp (—uZm) E [JI%(k) - "I’
=0
te
k=14
+exp | —p zk: N = 16NL2A 1 socd
m=| k=1 =0 M)\% (R) cgﬂg(k + 1)3727——26
=l
tr
& LEst)o1 , , \
M AM*Nd*(P)coao
+exp | —= m —5
Nm_%%” lzkg, (k+1)1+4
tg
k LEgt-1 202de.gos (N, d, a0, co)
0UCyv oo ,a, &g, Co
+6Xp —K Z (07773 Z Pl CZ(Z+1)2726
TVL:I_%J 0
t10
- VI sazane?
e thoteh et SN
+ exp K Zk_l Qm ZZ C%(l+1)2725
m:LTJ =0
t11

32NL?A1 00
1233 (R) 33 (k + 1)2- 2725

ti2
SNM?2d*(P)ct  N(k+1)Py
p?(k + 1) pxo
t13 tia

4Nag (devgoo (N, d, a0, o) + dNo?)
peg(k +1)t=20 '

tis

(76)

It is to be noted that the term tg decays as 1/k. The terms t7, ts, t1p, 11 and t14 decay faster than its
counterparts in the terms t12, t13 and t15 respectively. We note that Q; also decays faster. Hence, the rate of decay
of E {Hi(k +1)— x*Hz} is determined by the terms 12, t13 and ¢15. Thus, we have that, E {Hi(k +1) —x* Hz} =
O (k"sl), where §; = min {1 — 24,2 — 27 — 2,46 }. For notational ease, we refer to tg+t7 +ts+1t10+t11+t14 =

M), from now on. Finally, we note that,

[[xi (k) — x| < [[%(k) — x| + ||xi(k) — %(k)
%; (k)
= xi(k) — x"||” < 2[R (k)[1* + 2 [[%(k) — x|
64NL2A1 o0 0d
1233 (R) ¢33 (k 4 1)227—28

=E [||xi(k) - x*||2] < 2Mj, +



16NM?2d?(P)cs 8A1 o2

2—(41(5)0()+2Qk+ 2 MM 221Y -
p?(k+1) A2 (R) B2c2(k + 1)2-27-28

N 4N g (dcvqoo(N, d, a0, co) + chr%)

pcg(k +1)1-20

« 1 .
=E [||xi(k) —x ||2} =0 (le) Vi, 77)

Jr

where §; = min {1 — 26,2 — 27 — 2§, 46}. By, optimizing over 7 and d, we obtain that for 7 = 1/2 and 6 = 1/6,
*12 _ L .
2 [l -x 7] =0 (5 ) v

The communication cost is given by,

k
E[> G| =0(ki').
t=1
Thus, we achieve the communication rate to be,
*112 1
E [Ixi(k) = x* || = 0 (c/<> (78)

where ( can be arbitrarily small.

6. PROOF OF THE MAIN RESULT: FIRST ORDER OPTIMIZATION

Lemma 6.1. Consider algorithm 26), and let the hypotheses of Theorem [3.2] hold. Then, we have that for all
k=0,1,..., there holds:

B [Ix(k) = x°I°] < auo (N, a0)
2 0\1|2
+ T2 (2cuN I1%°)% + Nai) n 4”VFM(7;‘)” =

6 ch(N7 CYO),
where E [||X(k2) - x°||2} < gy (N, ag), k2 = max{ko, k1 }, ko = inf{k|p?a? < 1} and ki = inf {k|4 > 2c 0 }.

Proof: Proceeding as in the proof of Lemma with ¢, = 1 and b(x(k)) = 0, we have that, Vk >
max {k’o,k‘l},

k

Eflict+ DI’ < T (1= 55 ) E (16 (ko)IP’]
I=ko
2
+ b (2¢.V Ix°)1* + No?)

IV F (x|

e

+4

E Ik + DI?] < gia (V. a0) + = 3 (200 ¥ [3°|7 + o)
L2
= goo (N, 0), (79)
where ko = inf{k|pu?a? < 1} and
ki = inf {k|g > ZCuak} .
and ko = max{ko,k1}. It is to be noted that k; is necessarily finite as ap, — 0 as kK — oo. Hence, we

have that E |||x(k + 1) —XOHQ} is finite and bounded from above, where E {Hx(kg) —x"||2} < @iy (N, ).



From the boundedness of E [||x(k:) - x"Hz}, we have also established the boundedness of E ||VF(x(k))||2} and
E [[lx(k)].

With the above development in place, we can bound the variance of the noise process {v(k)} as follows:
E [[lu(k)* St] < 2cugec (N, o)
+2N (ai + ||x*\|2) . (80)
T
The proof of Lemma [6.1] is now complete. [ ]
Recall the (hypothetically available) global average of nodes’ estimates X(k) = = vazl x;(k), and denote by
x;(k) = x;(k) —X(k) the quantity that measures how far apart is node ¢’s solution estimate from the global average.

Introduce also vector X(k) = (X1(k),...,Xn(k)) T, and note that it can be represented as X(k) = (I — J)x(k),

where we recall J = 117, We have the following Lemma.

Lemma 6.2. Let the hypotheses of Theorem hold. Then, we have

2A1’0005(2)

E [||§(k+1)” ] < Qr+ W

-o(3).

where Qy, is a term which decays faster than (k + 1)~

Lemma [6.2) is important as it allows to sufficiently tightly bound the bias in the gradient estimates according to

which the global average X(k) evolves.
Proof: Proceeding as in the proof of Lemma [5.3]in (33)-(36), we have,

B[R+ DI 1] < (1+60) (1 - fida (R)) K00

+ (14 5 ) oRE (WOl 1], @)
where

B (WP 5] < 2 [VFI +28 V(1) 1]

< 2||[VE(x(K))||> + 4cugoo (N, a0) + 4N o7

Al 00

> E [Iw(k)[] < oc. (82
With the above development in place, we then have,
E [II%(k + D] < (14 65) (1 - BrA2 (R)) IX(R)]*
+Q+é)ﬁmm. (83
In particular, we choose 0(k) = %)\2 (ﬁ) From (59), we have,

B [Ix(k+ DI < (1= 50 (8)) B [IxW)IF

2 )
+ 14+ —- A1 o
< Bwﬂm>%1’

_ (1 SEOY (ﬁ)) E [I%(k) )



2
2ak

 (R) or
Applying lemmato @ =E {Hi(k;)”ﬂ, di = Ak, by = o}, and s, = 2\, (R), we obtain for m(k) = | £51]:

[\x(k‘—l—l“ <exp< zk:s ) \”

t1

+ A1,00 +aiA1,OO~ (84)

2A1’Ooa(2) + 4A1,o<>05(2)
MMR)BZ(k+1) A2 (R)Bo(k+1)3/2

t3 ta

(85)

In the proof of Lemma H the splitting in the interval [0, k] was done at [ L| for ease of book keeping. The
division can be done at an arbitrary point. It is to be noted that the sequence {s( )} is not summable and hence
terms t; and to decay faster than (k + 1). Also, note that term ¢, decays faster than t3. For notational ease,
henceforth we refer to ¢; + to + t4 = @k, while keeping in mind that @, decays faster than (k + 1). Hence, we

B (It + 11 =0 7).

have the disagreement given by,

|
Lemma 6.3. Consider algorithm and let the hypotheses of Theorem hold. Then, there holds:
E[ |[xi(k) —x*|[*] = O(1/k).
and
1
E[|x;(k) —x*[|*] = O ( 473 c)
Cr
where ¢ > 0 can be arbitrarily small, for all i =1,--- | N.
Proof: Denote X(k) = + >_,,_; x;(k). Then, we have,
1 & 1 &
X(k+1) =X(k) — ok | ; Vi (xi(k) + ; ;i (k) (86)
i :(k)

which implies:
X(k+1) =x(k) - N Z V fi (xi(k))

=V fi (X(k)) + V fi (x(k))] — aa(k).
where

e(k) = Nu(k)



N

+ ) (Vi (xi(k)) = Vi (%(K))) . (87)

i=1

e(k)
Proceeding as in (68)-(74), with c; = 1 and b(x;(k)) =0, Vi = 1,--- , N, we have on choosing ), = £}, where

1
Qo > W

B (Im(0)F] < (1= 2 ) B [Ix) - x°|]
SNL?Ay w0 2NL?Qy
3 (R) B3 (k+1)2  p(k+1)
= E[I%(k+1) - x"|I°] < (1 - k“j_‘ol) E [I%(k) - x|]
8NL*Ay oo 2N L*Qy
pA3 (R) A5 (k+1)2  plk+1)

= E[I%(k+1) - x"|°] < (1 - k“iol) E [[%(k) - x|

+ 20 (cugoo (N, ) + NO’%)

SNL2A| oo
pA3 (R) B3 (k +1)?

where Py, decays faster as compared to the other terms. Proceeding as in (64), we have

+ 207 (cugos (N, a0) + Not) + P, (88)

E [I%(k +1) - "]

gexp< Zaz) (1K) = x[1°]

te

k LB -1

8L2A1 00058
+exp | —n Qm, —
mﬂzﬂj = 3 (R) A1)
- 2
t7
k LBt -1
vop | 3 an| X on
m= Lk 1 ] =0
t10
k e 2a3 (c Goo (N ozo)—|—Ncr%)
+exp | —p Z « (+1)2
m:LﬂJ =0
2
t11
16NL2A; so0d
1223 (R) B3(k + 1)
ti2
N 1P 4N wGoo (N, + No?
L NE+1P, | 4ANao (cugoe (N, a0) + Noi) (89)
e u(k+1)

t1g tis
It is to be noted that the term tg decays as 1/k. The terms ¢7, t1o and ¢1; decay faster than its counterparts in the

terms ¢15 and t;5 respectively. We note that @; also decays faster. Hence, the rate of decay of E [||i(k +1)—x* Hﬂ

is determined by the terms 15 and ¢;5. Thus, we have that, E | ||X(k 4+ 1) — x*||2] = O (). For notational ease,



we refer to tg + t7 + t19 + t11 + t14 = M) from now on. Finally, we note that,

[[xi (k) — x"|| < [[%(k) — x"|| + ||xs (k) — %(k)
——
x; (k)
= [lxi(k) — x*||* < 2[R (R)|I* + 2 [[®(k) — x"|°
32NL2A; 00

= |||x: (k) — x*||*| < 2My + =

i) 1P 200+ e

4A1000é(2)

+2Qk+ o ——
U N® s+

= E [|x(k) - x| = 0 (%) Vi

The communication cost is given by,

E :O(k%+5).

k
P

Thus, we achieve the communication rate to be,

1

4_
ci ¢

EIxi(k) - x| = 0

7. CONCLUSION

(90)

on

In this paper, we have developed and analyzed a novel class of methods for distributed stochastic optimization of the

zeroth and first order that are based on increasingly sparse randomized communication protocols. We have established

for both the proposed zeroth and first order methods explicit mean square error (MSE) convergence rates with respect

to (appropriately defined) computational cost Ceomp and communication cost Ceomm. Specifically, the proposed

zeroth order method achieves the O(1/(Ceomm)®/2¢) MSE communication rate, which significantly improves

over the rates of existing methods, while maintaining the order-optimal O(1/(Ceomp)?/®) MSE computational

rate. Similarly, the proposed first order method achieves the O(1/(Ceomm)*/>~¢) MSE communication rate, while

maintaining the order-optimal O(1/(Ceomp)) MSE computational rate. Numerical examples on real data demonstrate

the communication efficiency of the proposed methods.
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